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Abstract. We consider the problem of maintaining a minimum spanning tree within a graph
with dynamically changing edge weights. An online algorithm is given an input sequence consisting of edge weight increases. It has to choose a minimum spanning tree after each such change in
the graph. The task of the algorithm is to construct in each round a minimum spanning tree as
similar to that from the previous round as possible. This problem occurs naturally in a dynamic
network, where a stable communication backbone should be maintained.
We compare the number of changes in the minimum spanning trees produced by an online
algorithm and that produced by an optimal offline algorithm. The number of changes is counted
in the number of different edges between two minimum spanning trees in consecutive rounds.
We analyze the performance of the algorithm SimpleMST for this problem. It is known that
the competitive ratio of such an algorithm on a graph with n vertices is at least Ω(log n)
assuming that the input sequence is constructed by an oblivious worst-case adversary. We show
that for certain types of input sequences generated by two families of stochastic processes the
competitive ratio of SimpleMST is constant with a high probability, substantially improving
the performance achievable for worst-case adversaries.
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Introduction

The problem of maintaining a minimum spanning tree in a dynamically changing graph is
prominent in many applications. A communication topology based on a minimum spanning
tree minimizes the total length of communication paths which must be held up. This property
makes the MST a best-choice for scenarios where the length of the communication path is
the most cost intensive factor for a communication backbone.
Within graphs with edges with equal weight, the minimum spanning tree may not be
unique. Given a graph changing dynamically in terms of edge weights it is hard to find a
minimum spanning tree which will retain its minimum property for a long time. We model
the changes of the graph as an online sequence and compute costs of algorithms as the number
of changes in the minimum spanning tree maintained by them.
1.1

Motivation

The problem of competitive maintenance of a minimum spanning tree occurs naturally in a
robotic scenario, with several teams of robots deployed on an terrain. These teams operate
on a large area and are, due to a restricted transmission range of communication devices,
not able to communicate with each other on larger distances directly. On the other hand

the tasks that the robots have to perform require a communication backbone between the
separated teams.
We propose to use mobile relay stations which form communication paths between teams
of robots. We model robot teams as nodes of a communication graph. A possible path where
relay stations can create a link is modeled as an edge in this communication graph – the
length of the path is mapped to edge weight. Since the number of relay stations needed to
support a communication path is proportional to its length, it is important to have a system
of paths which connects the whole graph and on the other hand minimizes the total length of
communication paths used – a minimum spanning tree is an optimal structure for this task.
Furthermore it is advantageous when the number of changes in the minimum spanning tree
is as small as possible, since then mobile relay stations have to travel least (to implement the
changes occuring in the communication structure defined by the minimum spanning tree).
1.2

Related work

Research on minimum spanning trees dates back to textbook algorithms due to Kruskal [13]
and Prim [15]. With regard to classical results, improved solutions have been considered e.g
in [6]. This work assumes that the graph remains static and considers the classical runtime
complexity of algorithms. Research in this classic area is still vivid, see e.g. recent results by
Chazelle [5] and Pettie [14].
Large effort has been put into constructing data structures which also allow minimum
spanning trees to be computed efficiently when changes in the structure of the graph occur.
These changes can either concern edge weights as assumed in our work (see e.g. [11]) or might
encompass adding and deleting vertices ([7, 10, 12]).
Furthermore kinetic spanning trees have been considered in [1] to model the changes of
edge lengths in a more predictable way. This allows planning of changes in the minimum
spanning tree in advance, in comparison to a strictly online problem where the future cannot
be foreseen.
An online problem similar to our has been recently presented in [16] and analyzes the
competitiveness of a minimum spanning tree algorithm which receives the weights of edges
of a random graph as a sequence and has immediately to decide whether to include an edge
into the MST or not.
For a survey of different types of subproblems in the area of minimum spanning trees, for
applications and results see [9].
The problem of competitively maintaining a minimum spanning tree has been considered
already in [8]. The same cost measure has been applied as in our work – the authors have
presented lower and upper bounds of Θ(n2 ) for the competitive ratio of deterministic algorithms solving the problem of competitive maintenance of minimum spanning trees. They
have shown a lower bound of Ω(log n) for randomized algorithms and provided a randomized
algorithm with competitive ratio of O(n log n) for general graphs. For planar graphs, their
randomized algorithm achieves an optimal expected competitive ratio of O(log n).
1.3

Our contribution

We show that the lower bound of Ω(log n) for the problem of competitive maintenance of
minimum spanning trees can be substantially improved if we assume a weaker version of the
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adversary. The assumption of having a worst-case adversary as considered in [8] is not very
realistic, since in practice input sequences won’t be that hard. We therefore try to impose
limitations on the adversary. This leads to the definition of a stochastic adversary, which
chooses input sequences by means of a stochastic process.
We examine two families of stochastic processes in Section 3 and 4. Section 2 introduces
the SimpleMST algorithm and shows that it has a constant competitive ratio on input
sequences having a certain property. In Section 3 and 4 we prove that both stochastic process
families produce input sequences preserving this property with a high probability. In both
sections we will be able to conclude that the competitive ratio of SimpleMST is constant
with a high probability.
1.4

Model

We consider a connected graph G = (V, E) with edges weighted initially by the function
w0 : E 7→ N+ . We divide time into discrete time steps called rounds. The value of σ(i) ∈ E
defines the edge whose weight is increased in round i. The sequence σ is the input sequence.
Basing on the original input sequence we denote for convenience of notation by δ(i, e) ∈ {0, 1}
the change of weight of edge e ∈ E in the i-th round. Formally we have

1, if σ(i) = e
δ(i, e) =
0, otherwise .
Furthermore we introduce the function w: N+ × E 7→ N+ which maps a round number r and
edge e to the edge weight at the beginning at round r, thus
wr (e) = w0 (e) +

r−1
X

δ(i, e) .

i=1

An algorithm alg solving the Online Dynamic Minimum Spanning Tree (ODMST) problem works on the graph G = (V, E) and reads the input sequence σ. After obtaining σ(r) it
outputs a minimum spanning tree, denoted by Mralg . Since the algorithm does not know
the future, it has no access to the values of σ(i) for i > r in round r. The cost of an algorithm
r
in round r is defined as the number of edges in which Mr−1
alg and Malg differ, formally
r
r
Calg
:= { e ∈ E | e ∈
/ Mr−1
alg ∧ e ∈ Malg } .

Additionally Calg (σ) is the cost of the algorithm on the whole sequence, thus Calg (σ) =
P|σ| i
i=1 Calg .
We analyze the performance of algorithms for the ODMST problem applying competitive
analysis, as defined in [3]. Appropriately, we define an optimal algorithm opt computing
a sequence of minimum spanning trees Miopt for i = 1, . . . , |σ| minimizing the value of
P|σ| i
Copt (σ), with Copt (σ) = i=1 Copt
, where
r
r
Copt
:= { e ∈ E | e ∈
/ Mr−1
opt ∧ e ∈ Mopt } .

The optimal algorithm has access to the whole sequence σ in advance.
Following [4, 2] we introduce the notion of a stochastic adversary which creates the input
sequence by means of a stochastic process. The stochastic process chooses the input sequence
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according to some probability distribution π. We denote m = |E| and adapt classical competitive analysis to match the definition of stochastic adversary. We say that a deterministic
algorithm alg solving the ODMST problem has a competitive ratio of Ralg with a probability of 1/mα if
1
Prσ [Calg (σ) ≤ Ralg · Copt (σ) + k] ≥ 1 − α .
m
The described probability is calculated with respect to the probability distribution π over all
input sequences. The constant k may depend on the distribution π, the parameter α and the
input graph G.
1.5

Stochastic adversaries

We analyze two notions of stochastic adversaries, described by families of stochastic processes.
In the independent stochastic process defined in Section 3 the weight of an edge e ∈ E is
increased in each round independently from other edges with some probability pe . Then
a transformation is applied to the constructed sequence, so that only one edge weight is
increased per round. This is necessary to match the definition of the ODMST problem.
In the second stochastic process we increase the weight of exactly one edge e in each
round. Edge e is chosen with a probability distribution π from the set E in each round.
This process resembles the worst case scenarios from [8], where the worst-case adversary is
restricted to increase only one edge in each round.
Both stochastic adversaries are in fact families of stochastic processes since they are
parametrized and can be tailored to specific needs. Due to this versatility, we motivate that
most practically occuring input sequences can be modeled by these processes.

2

SimpleMST algorithm

In this section we introduce the algorithm SimpleMST (Algorithm 1) and show that it
achieves a constant competitive ratio on a subset of all input sequences. The SimpleMST
algorithm given here is a simplification of the MSTMark algorithm given in [8]. Before
explaining the way in which SimpleMST works, we have to introduce some notation.
Basic notation. The set of alternative edges A(e, r) is defined for a graph G = (V, E), a
round r, an algorithm alg and an edge e ∈ Mralg . Removing e from Mralg splits the tree
Mralg into two parts. Consider the vertex sets V1 and V2 of both parts. Then the set of edges
on the cut between V1 and V2 is denoted by
A(e, r) = { (u, v) ∈ E | u ∈ V1 ∧ v ∈ V2 } .
We also define a set of alternatives which have a certain weight Aw (e, r, w) = { e0 ∈ A(e, r) |
wr (e0 ) = w } . We extend Aw (·) by defing it not only for one edge, but also for a set of edges
E 0 as
[
Aw (E 0 , r, w) =
Aw (e, r, w) .
e∈E 0

SimpleMST works in the following way. Consider a round r in which the weight of an
edge e ∈ Malg is increased. If there exist alternative edges for e with weight wr−1 (e),
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Algorithm 1 SimpleMST
1: if e ∈ Mr−1
r − 1, wr−1 (e)) 6= ∅ then
alg increased in round r and Aw (e,r−1
0
2:
e ← choose one edge out of Aw (e, r − 1, w
(e))
3:
remove e from Mralg and substitute it with e0
4: end if

then SimpleMST selects one of these edges uses it instead of e in Mralg . In other cases
SimpleMST ignores the edge weight increase. This technique guarantees that each Mralg
is always a minimum spanning tree, as shown in [11] and used previously in [8]. We say that
SimpleMST incurs a cost on an edge e if the weight of edge e is increased and then e must
be substituted with another edge e0 so that the weight of the MST is maintained.
We define the history of some edge e ∈ Mralg as the sequence he = [(e1 , r1 ), (e2 , r2 ), . . .]
1
such that e substituted e1 in Mralg
in some round r1 . For the rest of the sequence it holds
ri+1
that ei substituted ei+1 in Malg in some round ri+1 . Naturally, he (i) denotes the i-th
element of the sequence. If the history for e does not contain any entries, we say he = ∅.
Informally, this sequence represents the “movement sequence” of one edge from Malg over
the graph G.
We do not make any assumptions on the initial tree M0alg used by SimpleMST. The
following argumentation works for any choice of M0alg . If not instructed to do otherwise,
SimpleMST chooses one of the possible minimum spanning trees for M0alg .
In the remaining part of this section, we will analyze the performance of SimpleMST
under the assumption that in each round there are at most c edges with equal weight. This assumption will be than proven to be right for most input sequences for both types of stochastic
adversaries.
Hits and number of edges. A hit occurs when the weight of an edge e is increased in
round r, and e ∈ Mr−1
increase in
alg , and the weight of the minimum spanning tree does not
0
0
0
r
0
this round. Additionally either he = ∅ or he (1) = (e , r ) exists and it holds w (e ) < wr (e).
In other words, SimpleMST is forced to perform a change in its tree (the if in line 1 of
SimpleMST evaluates to true) in round r and the predecessor of e in its history had a
weight smaller than w. We will often say that a hit occurred on edge e if increasing the
weight of edge e caused the hit.
We denote the set of edges with weight w in round r by E(w, r) ⊆ E. The cardinality of the
set E(w, r) is denoted by #E(w, r). As already mentioned, we will assume that #E(w, r) ≤ c
for all w and r for this analysis.
Cost assignment scheme. We assign edges to hits. If a hit H occurs on an edge with weight
w in round r, all edges in E(w, r) are assigned to H. An edge remains assigned to a hit until
its weight has been increased or it is assigned to another hit. Every time SimpleMST incurs
cost on an edge e assigned to H (the weight of edge e is increased and SimpleMST must
remove e from its spanning tree), this cost is assigned to H. This includes the cost created
on the hit.
Since we have #E(w, r) ≤ c for all w, r the number of edges assigned to one hit is at
most c. So, the maximum cost which can be assigned to one hit is c. The following lemma
shows that all cost of SimpleMST is assigned to hits. Its technical proof can be found in the
appendix.
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Lemma 1. Assume the weight of an edge e is increased in round r, such that e ∈ Mr−1
alg
and e ∈
/ Mralg . Then either this edge is assigned to some hit, or a hit occurs at this moment.
Cost of optimal algorithm. In the previous considerations we have defined a scheme which
assigns all cost of SimpleMST to hits, such that each hit is assigned a cost of at most c.
What is still left is some mapping of hits to opt’s costs.
Consider the case when in a round r the weight of an edge e ∈ Mr−1
alg is increased and
SimpleMST has no alternatives for e. Then, obviously SimpleMST leaves e ∈ Mralg and
the weight of the minimum spanning is increased in r. Then the weight of opt’s minimum
spanning tree must increase in r. Since only the weight of one edge is increased in r, it must
r
hold that e ∈ Mr−1
opt and e ∈ Mopt , otherwise the weight of its tree would not increase.
r−1
On the contrary, when in a round r the weight of an edge e ∈ Mr−1
alg and e ∈ Mopt
is increased and SimpleMST has an alternative for e, then e ∈
/ Mropt . If opt would leave
r
e ∈ Mopt then the weight of Mopt would increase in round r where the weight of Malg
does not increase.
Consider a hit H on edge e in round r. Assume that the entry he (1) = (e0 , r0 ) exists. Then
0
we have wr (e) < wr (e) and there exists at least one round r00 with r > r00 > r0 such that the
00 −1
00
the weight of e is increased in r00 . Obviously we have e ∈ Mralg
and e ∈ Mralg . Thus, the
weight of the minimum spanning tree has increased in r00 and by the argumentation from the
00
previous paragraph it must hold e ∈ Mropt . So, it either still holds that e ∈ Mr−1
opt and opt
has to remove e from Mopt in r or opt must have removed e from Mopt between rounds
r00 and r − 1. This movement caused a unit cost to opt and we assign this cost to the hit H.
On the other hand, if we have he = ∅ we have no opt’s cost to assign to hit H. Fortunately
we can bound the number of hits having this property. To accomplish this, assign unique
identifiers to all edges of M0alg . Every time an edge e is substituted with another edge e0 in
Malg we move the identifier of e to e0 . This way, we can track a specific edge of Malg with
its identifier. Considering all hits occurring on edges having assigned an identifier u, there is
at most one hit such that he = ∅ and e is assigned u. This is the first hit on u in the input
sequence. Every next hit on edge e, such that e has the identifier u assigned will already have
he (1) existing, because of the previous hit.
With this assignment, we can map every hit to a unit cost of opt and this mapping is
injective but for n = |V | hits occurring at the beginning. We can conclude this argument
with the following corollary.
Corollary 1. Assume an input sequence σ such that #E(w, r) ≤ c for all r, w. Then for
algorithm SimpleMST it holds
Calg (σ) ≤ c · Copt (σ) + n .

3

Independent stochastic process

Consider all sequences with a length rmax generated by the independent stochastic process.
We will show that only few of these sequences have maxw∈W ∧r∈R #E(w, r) > c, with R =
{rs , . . . , rmax } and W ⊆ R for an appropriate rs . We assume the following stochastic process.
We start with any input graph with all edge weights equal 0. In meta-round r, edge e ∈ E
executes a bernoulli random trial with success probability pe , independently from other edges.
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Edge e increases its weight by one in meta-round r if the experiment was successful and leaves
its weight as it is otherwise. Since the ODMST problem assumes that at most one edge is
increased in a round, we divide each meta-round into rounds, such that exactly one edge
weight is increased in each round. This defines the input sequence σ. This division can be
performed in any way, we do not pose any restrictions on it.
The success probability pe can be different for each edge e ∈ E and we denote the vector
of probabilities π = (pe )e∈E . We denote m = |E| for the input graph G = (V, E). For a
stochastic adversary defined by the vector π define β to be the smallest value such that
pe (1 − pe ) ≥

1
.
mβ

We will show that for any input sequence length given, a constant competitive ratio can
be achieved with a high probability. For this, we introduce the Proposition 1 which formally
states the fact that the greatest part of most input sequences generated by the described
stochastic process has less than c edges with equal weight in every meta-round. Basing on
the fact that in a meta-round each edge increases its weight at most once, if there are never
more than c edges with equal weight in a meta-round, there can be never more than 2c edges
with equal weight in a round, no matter how the division of meta-round into rounds falls out.
This is because in a worst case, in the division into rounds all edges with weight w − 1 are
first increased to w and then the number of edges with weight w can reach 2c.
Proposition 1. For any rmax and a set of meta-rounds R ⊆ {mφ(α,c,β,ε) , . . . , rmax }, set of
weights W ⊆ R, an appropriate constant c and β defined as above it holds
"
#
1
Pr max #E(w, r) > c ≤ α .
w∈W
m
r∈R
To prove the property, we introduce the following lemma.
Lemma 2. For a fixed meta-round r ≥ m
ate ε > 0, and β defined as above it holds

c(1+β/2)+1+α−logm ε
c/2−2−ε

Pr [#E(w, r) > c] ≤

, fixed weight w ≤ r, an appropri-

1
mα−logm ε r2+ε

.

Proof. Let us look at one specific edge e. The probability that the weight of e is exactly w
in meta-round r is
 
r w
r
Pr[w (e) = w] =
p (1 − pe )r−w .
w e
Let us consider Pr[wr (e) = w] as a function of w. It assumes its maximum value for w = rpe .
Substituting w with rpe and applying Stirling’s formula, we can upper bound the value of
the following expression
max
w∈{0,...,r}

Pr [wr (e) = w] ≤ p

1
rpe (1 − pe )

.

Furthermore, by assumption pe (1 − pe ) ≥ 1/mβ for all e ∈ E we have
q
r
max Pr [w (e) = w] ≤ mβ/r .
w∈{0,...,r}
e∈E

7

(1)

Let us turn our attention to the probability Pr[#E(w, r) = i] for a fixed meta-round r
and a fixed weight w. This probability is defined and upper bounded as follows


X
Y
Y

Pr[#E(w, r) = i] =
Pr[wr (e) = w]
(1 − Pr[wr (e) = w])
E 0 ⊆E
|E 0 |=i

≤

X

e∈E 0

"
E 0 ⊆E
|E 0 |=i

e∈E\E 0

i 
m−i #
r
max Pr[w (e) = w]
1 − min Pr[w (e) = w]
r

e∈E

e∈E

 
i 
m−i
m
max Pr[wr (e) = w]
1 − min Pr[wr (e) = w]
e∈E
e∈E
i
f
=: Pr[#E(w,
r) = i] .
=

f
We will write Pr[#E(w,
r) = i] to denote the upper bound on Pr[#E(w, r) = i] and aim for
f
upper bounding Pr[#E(w, r) = c] with 1/(r2+ε m1+α−logm ε ). So,
 
c 
n−c
m
r
r
f
Pr[#E(w, r) = c] =
max Pr [w (e) = w]
1 − min Pr [w (e) = w]
e∈E
e∈E
c

c
≤ mc max w∈{0,...,r} Pr [wr (e) = w]
e∈E



≤ mc mβ/r

c/2

.

(2)


f
To have Pr[#E(w,
r) = c] ≤ 1/ r2+ε m1+α−logm ε we need

c/2
1
≤ 2+ε 1+α−log ε .
mc mβ /r
m
r
m
Using the upper bound from Eq. (1) we obtain
mcβ/2
1
≤ 2+ε 1+α−log ε ,
c/2
m
r
m
r
c+cβ/2+1+α−logm ε
c/2−2−ε
m
≤r
,
mc

m

c(1+β/2)+1+α−logm ε
c/2−2−ε

≤r .

(3)

Now we want to upper bound the probability that the number of edges with weight w in
a meta-round r is greater than c
Pr[#E(w, r) ≥ c] =

m
X

Pr[#E(w, r) = i] ≤ m · max Pr[#E(w, r) = i]
i=c,...,m

i=c

f
≤ m · max Pr[#E(w,
r) = i]

(4)


i/2
≤ m · max mi mβ/r
.

(5)

i=c,...,m

i=c,...,m

If

p

mβ/r ≤ 1/m then mc mβ/r

c/2

is largest for i = c. Thus, if r ≥ mβ+2 , we have

i/2

c/2
max mi mβ/r
= mc mβ/r
.

i=c,...,m
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So, it holds
Pr[#E(w, r) ≥ c] ≤

1
r2+ε mα−logm ε

,

if r fulfills Eq. (3) and r ≥ mβ+2 . The last condition holds if r fulfills Eq. (3) and β ≥ α−5−2ε
2+ε .
So, with a proper choice of ε the second property is fulfilled. This concludes the lemma. u
t
With the help of the previous lemma we will prove Proposition 1. Set ε large enough
for
 the supplied values
 of α and β. Denote for sake of simplicity of notation φ(α, c, β, ε) =
c(1+β/2)+1+α+logm 1/ε
. Using the result from the former lemma we can approximate the
c/2−2−ε
following probability, for R ⊆ {mφ(α,c,β,ε) , . . . , rmax } and W ⊆ R
"
#


[
Pr
max #E(w, r) ≥ c ≤ Pr
#E(w, r) ≥ c
w∈W ∧r∈R

w∈W ∧r∈R

≤

X

Pr[#E(w, r) ≥ c]

w∈W ∧r∈R∧w≤r

≤

1

X
w∈W ∧r∈R∧w≤r

≤
≤
The inequality holds because
of Proposition 1.

1
r∈R r 1+ε

P

1
mα−logm ε

r2+ε mα−logm ε

≤

X
r∈R

r

1
r2+ε mα

X 1
r1+ε

r∈R

1
εmα−logm ε

≤

1
.
mα

≤ 1/ε (see Appendix A.2). This concludes the proof

We now want to compute the competitive ratio of the randomized algorithm SimpleMST
for an input sequence which fulfills maxr∈R∧w∈W #E(r, w) ≤ c, if c and R have been chosen
according to the assumptions of Proposition 1.
We divide the input sequence σ in two parts and consider the competitive ratio of
SimpleMST on both parts as on separate sequences. The first part σ1 reaches from the
first round to mφ(α,c,β,ε) . The second part σ2 consists of the rest of σ. We choose the initial
tree for the input sequence σ2 as the last Malg computed by SimpleMST on σ1 . Then, we
have Calg (σ1 ) + Calg (σ2 ) = Calg (σ). For the second part σ2 we have by Corollary 1 and
the fact that we consider an input sequence consisting of rounds (and not meta-rounds)
Calg (σ2 ) ≤ 2c· Copt (σ2 ) + n .

(6)

Since σ1 has a length of mφ(α,c,β,ε) it holds Calg (σ1 ) ≤ mφ(α,c,β,ε) . Summing this with Eq. (6)
we obtain
Calg (σ) ≤ 2c· Copt (σ2 ) + n + mφ(α,c,β,ε) ≤ 2c· Copt (σ) + mφ(α,c,β,ε) + n .

(7)

Set k = mφ(α,c,β,ε) + n. Consider now that the stochastic process creates a sequence of length
rmax . If rmax ≤ mφ(α,c,β,ε) then we obviously have Calg (σ) ≤ c· Copt (σ) + k since k covers
all possible cost of the algorithm on σ. If rmax > mφ(α,c,β,ε) then we can apply Proposition 1
and with probability of 1 − 1/mα we will be able to apply the result Eq. (7). This leads to
the following theorem.
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Theorem 1. For the ODMST problem and for an input sequence σ chosen randomly by the
independent stochastic process the competitive ratio of SimpleMST is constant with high
probability.

4

Dependent stochastic process

The independent stochastic process presented in the previous section has been designed so
that exactly one edge weight is increased in each round, by splitting meta-rounds into rounds.
On the other hand we can define a process, which increases only one edge weight at a round
“by design”. This is the most natural way to define a stochastic process generating input
sequences for the ODMST problem.
The dependent process performs one random experiment per round, choosing one edge
whose weight is increased in this round. The probability of choosing
P an edge e is equal to pe .
This values form the probability distribution π = (pe )e∈E , with e∈E pe = 1.
We will use an appropriately parametrized independent stochastic IP process to simulate
a dependent process DP with prob. dist. π. We will show that SimpleMST has with a high
probability a constant competitive ratio on the input sequences generated by IP . Furthermore
this sequence will fulfill certain properties and so will be able to follow that SimpleMST
has a constant competitive ratio on sequences generated by the dependent stochastic process.
These properties are the following
– with high probability there is at most one edge weight increased per meta-round (property
A),
– if exactly one edge weight is increased in a round, then this edge is chosen (approximately)
according to the prob. dist. π (property B).
So, to obtain an input sequence distributed accordingly to DP one has to execute the
IP process. From the created sequence all rounds with no edge weights increased can be
removed. If the input sequence contains round with more than one edge weight increased
then this input sequence be discarded and a new one should be generated (by property A
this should lead to a success very fast). We will call an input sequence generated by IP valid
if it contains at most one edge weight increase per meta-round. We will call a simulation of
DP by IP proper, if property B is fulfilled.
Assume that DP has to generate a sequence with length r and probability distribution
π = (pe )e∈E . Then the probability distribution for IP is defined to be π 0 = (p0e )e∈E , such
that p0e = pe /(r1/2 m1+α ) for m = |E| and an α ≥ 1. The following two lemmas are proven in
Appendix A.3. The first lemma shows property A, the second one shows that B is fulfilled.
Lemma 3. Assume that the independent stochastic process generates a sequence of length r
and it holds p0e ≤ 1/(r1/2 m1+α ). Then with probability at least 1−1/mα this sequence contains
no meta-rounds with more than one edge weight increased.
Lemma 4. Assume the independent stochastic process IP with π 0 = (p0e )e∈E and p0e = pe /k
for the dependent stochastic process DP with π = (pe )e∈E and a sufficiently large constant k.
Consider a round generated by IP in which exactly one edge weight is increased. Then the
weight of an edge e is increased with probability near to pe .
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Let us now approximate the probability that SimpleMST will have a constant competitive ratio on an input sequence σ generated by IP . For the selected probability distribution
π 0 the input sequence σ is valid with a probability of at least 1 − 1/mα . We neglect the fact
that another input sequence is generated if σ is invalid and simply assume that SimpleMST
has a non-constant competitive ratio in such a case. On the other hand, for a valid sequence
SimpleMST has a competitive ratio with probability at least 1 − 1/mα by Theorem 1. So,

Pr[Calg (σ) ≤ c· Copt (σ) + k] ≥

1
1− α
m

2
≥1−

2
.
mα

We can conclude with the following theorem.
Theorem 2. For the ODMST problem and for an input sequence σ chosen randomly by
the dependent stochastic process the competitive ratio of SimpleMST is constant with high
probability.

5

Conclusions

The investigation of stochastic adversaries for the ODMST problem yields new information
about the competitive complexity of the ODMST problem. The results obtained for worst-case
adversaries can be significantly improved if we enforce some restrictions on the adversaries.
Furthermore, due to the variable distribution probabilities in the independent stochastic
processes, the obtained results can be applied to many input sequences occurring in practice.
In the future, one should consider other ways of bounding the abilities of worst-case
adversaries. Furthermore it is an interesting question whether the competitive ratios hold
also for the case when input sequences are allowed to contain more than one edge increase
per round.
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A
A.1

Appendix
Technical proofs for the analysis of SimpleMST

Proof (of Lemma 1). To prove this lemma we first introduce the following notations and then
state an important claim. Let
0

EH (w, r) = { e ∈ Mralg | wr (e) = w ∧ he (1) = (e0 , r0 ) ∧ wr (e0 ) = w } .
Informally speaking, EH (w, r) ⊆ Mralg describes the set of edges having weight w in round
r having a hit with weight w in their history. We will proceed with stating a claim, proving
it and then following the lemma.
Claim. Fix some weight w and round r. If we have
Aw (EH (w, r), r, w) 6⊂ Aw (EH (w, r − 1), r − 1, w))
then a hit occurred in round r on an edge with weight w.

V2

V1

e
u
e0
e00
v

ẽ

Fig. 1. Tree Mr−1
alg

Since Aw (EH (w, r), r, w) 6⊂ Aw (EH (w, r − 1), r − 1, w)) there exists an edge e0 = (u, v) with
e0 ∈ Aw (EH (w, r), r, w) ∧ e0 ∈
/ Aw (EH (w, r − 1), r − 1, w)) and wr (e0 ) = w. Consider an edge
r
e ∈ EH (w, r) with w (e) = w, such that e0 ∈
/ Aw (e, r − 1, w) but e0 ∈ Aw (e, r, w). Take the
r−1
tree Malg as shown on Fig. 1, with vertex sets V1 and V2 split by e. Since e0 ∈
/ Aw (e, r−1, w)
both vertices u, v are included in one of the sets V1 , V2 . Assume without loss of generality
that u, v ∈ V1 .
Since e0 ∈ Aw (e, r, w) the structure of Malg must have changed so that one of the
vertices u, v changed to V2 in round r. Once again assume w.l.o.g that v ∈ V2 after round r.
r−1
Then, some edge e00 ∈ Mr−1
alg which connected a subtree of Malg containing v to the rest of
V1 must have been substituted with an edge ẽ in Mralg . Edge ẽ must connect the mentioned
13

subtree with v to a vertex from V2 . So, the weight of e00 must have been increased in round r.
Obviously ẽ cannot have a weight smaller than e in round r, since we could substitute e with
r−1
r
r
r 0
ẽ in Malg
and decrease the weight of Mr−1
alg . On the other hand, if w (ẽ) > w (e) = w (e )
0
r
we could substitute ẽ with e in Malg decreasing its weight. Thus, the only possibility is
that wr (ẽ) = wr (e). So, we have wr−1 (e00 ) = wr (e).
00
Consider now the edge e00 and the two subtrees of Mr−1
alg obtained by removing e from
r−1
Malg . One of these subtrees contains u and the other one contains v (by the definition of edge
e00 ). Thus, e0 is an alternative for e00 and by previous considerations it has the same weight,
so that e0 ∈ Aw (e00 , r − 1, wr−1 (e00 )). We now want to consider two cases. If e00 ∈ EH (w, r − 1)
we have a contradiction, since then e0 ∈ Aw (EH (w, r − 1), r − 1, w).
Thus assume that e00 ∈
/ EH (w, r − 1). Then, by increasing the weight of e00 in round r a
00
hit occurs on e , as stated in the definition of the claim.
We now proceed with the proof of the lemma. Assume that a hit H occurred on an edge
with weight w in round r. Then all edges with weight w in round r have been assigned to H,
in particular all edges in Aw (EH (w, r), r, w). Till the next hit H 0 in round r0 we have be the
previous claim Aw (EH (w, r00 ), r00 , w) ⊆ Aw (EH (w, r), r, w) for all r > r00 > r0 . So no of the
edges out of EH (w, r00 ) can use any edges which obtained weight w after r as an alternative
and thus there are no costs of SimpleMST incured on edges which are not assigned to H.
This proves the lemma.
t
u
A.2

Proofs of technical properties for independent stochastic process

We show that

n
X
1
1
≤ ,
α
x
α
x=1

for any α > 1 and n ≥ 1. Obviously we have 1/(x − 1) ≥ 1/[x] for all real numbers x > 1,
where [x] stands for the greatest integer number not larger than x. Using this property we
can upper bound
Z n
n
X
1
1
≤
α dx .
α
x
1 (x − 1)
x=1

Evaluating the definite integral we obtain
Z n
1
1
.
α dx ≤
(x
−
1)
α
−
1
1
A.3

Proofs of technical properties for dependent stochastic process

Proof (of Lemma 3). Consider a meta-round r0 and define I(r0 ) the set of edges which increase
their weight in r0 . For a fixed i it holds
Y

X
Y

0
0
0
Pr[I(r ) = i] =
p
1 − pe
E 0 ⊆E
0 e
0
e∈E

|E 0 |=i



≤ mi max p0e

i

e∈E
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e∈E\E

0
f
=: Pr[I(r
) = i]

(8)

0) =
f
Equation (8) holds analogically as Eq. (2) from Section 3. For p0e < 1/m we have Pr[I(r
0 ) = i0 ] for i0 > i. Since max
0
1/2 m2 ), it holds
f
i] ≤ Pr[I(r
e∈E pe ≤ 1/(r
0
f
Pr[I(r
) = 2] ≤ m2



1
1/2
r m2

2
≤

1
.
rm2

Estimating the probability Pr[I(r0 ) ≥ 2] we obtain
1
0
f
Pr[I(r0 ) ≥ 2] ≤ m Pr[I(r
) = 2] ≤
,
rm
and summing up over all rounds we have


1
Pr ∀r0 ∈{1,...,r} I(r0 ) ≤ 1 ≥ 1 −
.
m
t
u
Proof (of Lemma 4). Consider a round generated by IP in which exactly one edge weight is
increased. Consider the probability that the weight of a fixed edge e is increased
Pr [weight of e increased | weight of one edge increased]
Pr[weight of e increased ∧ weight of one edge increased]
Pr[weight of one edge increased]
Q

0
p0e
1
−
p
eb∈E\{e}
eb
 Q
= P

0
0
e0 ∈E pe0
eb∈E\{e0 } 1 − peb

=

As in the assumption of the lemma, let p0e = pe /k. Then, for a sufficiently large k we have
p0eb = peb/k ≈ 0. Then it holds
Q

0
p0e
1
−
p
eb∈E\{e}
eb
p0e
pe


P
≈
= pe ,
=P

P
Q
0
0
0
e0 ∈E pe0
e0 ∈E pe0
e0 ∈E pe0
eb∈E\{e0 } 1 − peb
t
u

and the lemma is proven.
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