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Abstract
We investigate point-to-point routing in mobile ad hoc networks based on position information with local
network knowledge. We show that such routing cannot be efficiently performed by reactive communication protocols, i.e. delivering a packet needs Ω(n) traffic for n mobile hosts. Therefore we consider
k-hop-proactive protocols, where network information may be transmitted to a k-hop-neighborhood.
Known position-based routing algorithms combine greedy forwarding with a recovery strategy to
circumvent regions without mobile hosts. If a region cannot be bridged because of the restricted transmission radius, we call it a barrier. The efficiency of position-based routing algorithms depends on these
barriers. To formalize this measure we use a grid with cell size linear in the transmission radius and count
the border cells m of relevant barriers. We show that this cell structure can easily be established. It can
also be used by a recovery strategy, because it implicitly provides a planarization of the network graph,
that is needed to prevent cyclic routing.
We analyze position-based routing algorithms with respect to the size of barriers m and the length of
the shortest path between source and destination h and compare single- and multi-message strategies. We
show that a multiple message strategy consisting of greedy forwarding and greedy recovery has dilation
O(h + m) and needs O(h3 ) messages using expanding ring search based on a hop-counter. If this
mechanism is replaced by expanding ellipses as boundary we observe dilation O((h + m) log h) and
traffic O(min{m · h log h, h2 }). The corresponding
single
messagestrategy
using greedy forwarding



and guideline recovery has dilation and traffic O h + 1 + log

√h
m

m .

A fast straightforward multiple message solution is flooding with dilation O(h) and O(h2 ) messages.
As a highlight we present a multiple massage routing algorithm, called Chessboard routing, with dilation
√
3
O(h) and and traffic O(min{h2 , h 2 + m h}). If the number of barriers is known traffic reduces to
√
O( mh) with dilation O(h).
At last we prove a lower bound for the dilation of Ω(min{m, h2 }) for single message O(1)-hopproactive routing protocols and a lower bound for the traffic of Ω(min{m, h2 }) for multi-message O(1)hop-proactive routing protocols. All analyses of the algorithms except the Chessboard routing are tight
up to constant factors.
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Introduction

A mobile ad hoc network is a communication network of mobile hosts without a dedicated infrastructure.
Mobile hosts act as clients and as routers and self-configure the network. Often the resources of the mobile
hosts are restricted, especially the computational power and energy available for radio transmission. This
limits the transmission range of the radio signals and multiple hops are needed to deliver messages. Nearby
message transmission causes conflicts because of radio interferences. So, a communication protocol has to
take all these problems into account while it must be kept simple because of the restricted resources.
For some applications participants of a mobile ad hoc network are equipped with a positioning system.
The position information is a valuable aid for solving a routing problem. In such case it is not necessary to
exchange long routing tables or to swamp the network with control messages indicating possible routes. It
suffices to route a messages in the rough direction of the target and in the case of obstacles some recovery
strategy has to be applied. This method of message delivery is called position-based routing. Clearly, such
a scheme can easily cope with network changes and the mobility of participants.
An applicable situation is if swarms of robots explore an unknown terrain and gather environmental
data. Then, it may suffice to address robots by a position instead of a network address, i.e., if a certain job
has to be carried out in a specific position, this job is assigned to the robot that is nearest to this position.
The order can be forwarded to this position by position-based routing. A robot nearby chooses to perform
the task. If it is necessary to communicate with a specific node using position-based routing, however, a
location service is needed to translate the node’s address into a geographic position.
There are approaches for complete reactive position-based routing protocols [5, 7]. Here, all communication is demand-driven. We will see that in some worst-case scenario this implies high and bursty
communication overhead. A better solution is to periodically inform the local neighborhood about the
network situation using beacon signals. We formalize this approach by so-called k-hop proactive routing protocols. We show that using a 2-hop-proactive protocol networks can be described by a plain cell
structure forming a grid.
Still, problems arise when many deserted regions form a maze misleading all greedy approaches for
message forwarding. For this situation Kuhn et al. [14] have proven tight upper and lower bounds for
the number of necessary messages. We do not think that such mazes occur in practice. Therfore we
describe the complexity of the network scenarios by the number of cells, i.e. border cells, neighbored to
deserted cells obstructing communication. According to this measure position-based routing protocols can
be characterized more accurately for real-world applications.

1.1

Background and Related Work

There are many different approaches to solve routing problems based on position information. Basically a
framework for position-based routing consists of a location service, that is used by a source node to obtain
the position of the destination node, and a forwarding strategy, that determines to which neighbor a packet
has to be passed by intermediate nodes. A survey of these approaches can be found in [15, 6, 17].
The problem of locating the destination node is somehow similar to the route discovery problem in ad
hoc network protocols. Proactive schemes disseminate routing information before it is needed, whereas
reactive schemes start the route discovery on demand. Accordingly, a location service may work in a
proactive manner (like proposed in [2]): Each node maintains a location database and distributes its own
position throughout the network at regular intervals. To reduce the update cost, such location databases can
also be maintained by a small number of dedicated nodes, that act as location servers. The location-aided
routing (LAR) protocols by Ko and Vaidya [11] work completely reactive. Position information is only
used, if it is available. If the destination’s position is unknown, the network is flooded with route requests.
The forwarding strategy is a distinctive feature of position-based routing algorithms. There are essentially three strategies: greedy forwarding, face routing and restricted directional flooding.
Greedy forwarding is based on a locally optimal decision of a node to pass a packet to a neighbored
node that is nearer to the destination. Local decision strategies are e.g. MFR (most forward within the transmission radius) [19], which tries to minimize the number of hops, NFP (nearest with forwarding progress)
[8], which tries to minimize energy consumption and compass routing [12], that tries to minimize the path
length by choosing the node with the minimal angular distance to the direction of the destination. Since
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a packet could be stuck in a local maximum, greedy forwarding needs a recovery strategy like perimeter
routing [10], where a packet is passed along the edges of the face incident to the dead end node until a
forwarding progress according to the greedy strategy can be made. Therefore the network topology must
be a planar embedding of a graph (e.g. the Delaunay triangulation or the relative neighborhood graph [9])
that can be constructed with the aid of the position information of neighbored nodes.
Face routing [12] (see also [4]) is based on passing the packets around the faces of a planar network
topology. First a line segment between the source and the destination is considered and the face that
is intersected by this segment is chosen first. Then, the idea is to traverse the edges on the boundary
of the face in order to ascertain all the edges that are intersected by the line segment. The edge with the
intersection point that is nearest to the destination determines the face that is traversed next. This procedure
is reiterated until the destination is reached. This algorithm visits at most 3|E| edges. As packet delivery is
guaranteed, face routing can also be used as a recovery strategy in combination with greedy forwarding. A
variant of face routing, called perimeter routing, is proposed by Karp and Kung [10] as recovery strategy.
Bose et al. [4] propose an algorithm, that is very similar to perimeter routing, called face-2 routing, that
visits Ω(n2 ) edges in worst cases, but performs well in simulations. A further variant is described by Kuhn
et al. [14] (called OFR), where the complete interior of a face is explored in order to determine the node that
minimizes the distance to the destination. Then, at this node the next (adjacent) face toward the destination
is chosen. The authors also give an overview of methods to combine greedy and face routing. In [13] Kuhn
et al. propose an adaptive face routing (AFR). The idea is to bound the faces by an elliptic region to prevent
detours. If no route to the destination within this region can be found, the region is successively enlarged.
The algorithm yields paths with cost O(h2 ), where h denotes the cost of the optimal route, measured by the
number of hops, distance or energy consumption. The authors apply a so called Ω(1)-model that bounds
the minimal distance between nodes in the network and show a lower bound of Ω(h2 ).
Restricted directional flooding [2] is a method to deal with outdated position information. From the last
known position of the destination node and its maximum velocity a destination region is obtained. Now,
the sender transmits a packet to all nodes that lie in the direction of this region in order to flood the whole
area in which the destination node lies. This strategy can be used to reduce the overhead of flooding used
by reactive ad hoc routing protocols in the route discovery phase (location-aided routing, see [11]).
Besides these strategies there are hierarchical approaches that combine geometric forwarding with other
ad hoc routing protocols, e.g. in the terminodes project [3] a position-based routing is used to forward
packets over long distances, whereas a proactive distance routing is responsible for the local level.

1.2

The Model

There are n mobile hosts in the plane. We require that each mobile host knows its absolute position coordinates. Each mobile host can communicate wirelessly with a fixed transmission range r in a synchronized
model, with one message per step. Only if exactly one message is disseminated from a node in distance
at most r, then this messages can be received. For multi-hop communication, we require that the source
knows also the geographical position of the destination. We assume that data transmission is much faster
compared to the movement of these hosts, i.e. during a packet delivery the positions of the mobile hosts are
fixed.
Definition 1 The position-based routing problem is to find a route from a source to a destination, only with
the aid of position information of the mobile hosts and the location of the destination.
We concentrate on point-to-point routing (unicast). Our main concern is the number of messages triggered in the attempt of sending the packet from source to destination, i.e. the traffic and the dilation of the
message on its way from source to destination.
Definition 2 The traffic induced by delivering a packet is the number of radio transmissions of this packet,
its duplicates, and corresponding control messages during the attempt of delivering the packet.
Definition 3 (Stojmenovic and Lin [18]) The flooding rate is the ratio of the number of message transmissions (traffic) and the shortest possible hop count between source and destination.
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1.3

Outline of the paper

In Section 2 we see that a reactive network needs linear traffic to deliver a message even in a two-hop
neighborhood. Hence, it makes sense to allow some proactiveness, which we model by the notion of
k-hop-neighborhood. Then, the traffic is divided into a proactive portion, which in this paper is linear
in the number of nodes and a reactive portion using proactively distributed information from a k-hopneighborhood.
In Section 3 we show that a 2-hop-proactive protocol can establish a grid-like cell structure with designated gateway nodes. This cell structure regarding dilation and traffic is equivalent to the original setting
up to small constant factors. This way routing reduces to a neat communication problem of cellular automata of unknown structure: Given a grid of an arbitrary combination of “good cells” and “bad cells” the
task is to find the shortest path from the source cell to the destination cell using only good cells and the
local knowledge of which neighbored cells are good or bad. Good cells are node or link cells that allow
communications, while bad cells are deserted cells, called barrier cells, obstructing the communication
because their lack of relay stations.
An important observation is that the number of reachable barrier cells m gives us a measure for the
complexity of the scenario. E.g., if all participants are closely gathered in a square or circle then m = O(n),
if in each cell a constant number of nodes reside. This network construction is also compatible to the
reactive ad hoc network of Kuhn, Wattenhofer and Zollinger [13] which allows only a constant number of
nodes in the transmission radius of a node. In their paper, tight bounds have been proven, which also apply
here. Their lower bounds can be transformed to a complex scenario with m = Θ(n2 ). We discuss here the
question, whether routing in less complex scenarios can be performed more efficiently.
In Section 3 we discuss a variety of position-based routing algorithms using this cell structure. We combine greedy forwarding using only a single message or multiple messages with different recovery strategies
and termination mechanisms. All these strategies use expanding ring search. As recovery strategies for the
case when greedy forwarding collides with a barrier we first consider a greedy recovery strategy. Here messages follow the obstructing barriers until a point at the barrier is reached which is closer than the collision
cell. Combined with a hop-counter termination mechanism for the expanding ring search this algorithm is
called G2-TTL and has dilation O(h + m) and traffic O(h3 ). Less traffic occurs if we replace the termination mechanism by an ellipse construction defining the G2-Ell routing. Here dilation is O((h + m) log h)
and traffic O(min{m · h log h, h2 }) messages. These multi message algorithm are outperformed by a
single-message algorithm where the recovery mode is left if the direct line between source and target is
rediscovered on the other side of the barrier, called G-Guide with dilation and traffic h + (1 + log √hm )m.
While the traffic of G-Guide is close to optimal all these greedy routing algorithms are rather slow with
respect to the number of barrier cells and compared with a simple Flooding algorithm with dilation O(h)
and traffic O(h2 ). The Chessboard routing algorithm has traffic O(min{h2 , h2−α + mhα }) and dilation
√
O(h) for an α ∈ [0, 1]. If the number of barriers is known, this algorithm performs with traffic O( mh).
All analyses of the algorithms except Chessboard routing are tight up to constant factors. Further note that
for these algorithms m refers only the number of reachable barrier nodes in some O(h) vicinity. Hence, m
can vary from 0 to O(h2 ). If we sometimes also refer to m as the border cells, note that this number and
the number of reachable barrier cells are linearly correlated.
At last we present general lower bounds for relying on O(1)-proactive position-based routing algorithms. Single message protocols need dilation and traffic Ω(m + h), which is also a lower bound on
the traffic for multiple message protocols. For multiple message routing algorithms only the trivial lower
dilation bound of Ω(h) is known. Table 1 summarizes the results presented in this paper.
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Proactive versus Reactive Routing

Proactive routing protocols are often referred to as table-driven protocols, whereas reactive routing is also
called on-demand routing. In position-based routing proactive communication is often used to exchange
position information among neighbored nodes. This motivates us to define an intermediate notion of k-hopproactive routing, where information is only spread locally under closely neighbored nodes. This leads to
quick adaption of network changes and reduces the traffic of the proactive part of the protocol.
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Name
G2-TTL
G2-Ell
G-Guide
Flooding
Chessboard
Lower bound
Lower bound

M/S message(s)
Multiple
Multiple
Single
Multiple
Multiple
Multiple
Single

Dilation
O(h + m)
O((h + m) log h)
2
O(h + m(1 + log hm ))
O(h)
O(h)
Ω(h)
Ω(h + m)

Traffic
O(h3 )
O(min{m · h log h, h2 })
2
O(h + m(1 + log hm ))
O(h2 )
√
O( mh)
Ω(h + m)
Ω(h + m)

Table 1: Upper and lower bounds for the position-based routing strategies with minimal hop-distance h
and barriers with m border cells.

s

t

Figure 1: Worst-case example for reactive routing
Definition 4 If a communication pattern includes a periodic exchange of control messages (even if there
is no communication demand), then it is called proactive. If communication is triggered only by demand,
we call this communication reactive.
A communication protocol is k-hop proactive, if proactively transmitted information of a node are
available only in nodes in a hop-distance of k.
The main advantage of reactive routing is the lack of communication overhead during demandless time
phases. The following theorem shows the high price to be payed for this along the ideas presented in [1].
Theorem 1 Every reactive position-based routing protocol (i.e. 0-hop proactive) has a flooding rate of
Ω(n) in the worst case.
Proof: In Figure 1 we depict a case where the source S can reach n − 3 nodes directly. But only one of
them is on the shortest path of length 3 from S to the destination node D. In the first round S can inform
all nodes with one message except two nodes. Then, only one of them can forward it on the right path
toward the destination. Which one is not known to the network and cannot be determined by the use of
the destination coordinates. Therefore a deterministic algorithm can be forced to try n − 3 attempts until
succeeding by a fooling argument.
For a probabilistic algorithm we choose the first node randomly from the neighbors of S. If the attempt
fails, we retry and choose one of the remaining neighbors. Hence the expected number of attempts to succeed is n/2 − 1. Thus the necessary messages to deliver the packet is at least n/2 + 1.
This theorem shows that at least minimum proactiveness is necessary for efficient delivery of packets.
In the next subsection we show a technique for 1-hop proactive routing that solves this problem in constant
(worst-case) time using a grid cell structure.
If 1-hop-proactive protocols broadcast only position information at least n messages occur. However,
in a static model this price needs to be payed only once and in a dynamic setting only from time to time,
i.e. with an adequate update frequency.
Theorem 2 There is a 1-hop proactive routing protocol that delivers all packets within hop-distance 3 with
expected constant traffic.
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Proof Sketch: In the proactive part every node broadcasts its position to all the nodes in its r-neighborhood.
For the demand-driven, reactive communication part, the source node broadcasts a question to its direct
neighbors, whether any node knows a node in the r-neighborhood of the destination.
Every node who knows such a node will answer with probability 1/k if k is the number of nodes which
reside it its r-neighborhood. This way, the expected number of answers is constant.
As soon as the source receives this answer, it signals that it has received this information and asks one
of the responding nodes to forward the message.
Although traffic is small, large dilation may occur. E.g. consider a clique of size n and a single node
connected to only one node of a clique. The probability that the single node receives an answer is one step
is n1 , thus the expected dilation is linear. By allowing one more hop in the proactive part, we can solve this
problem in constant dilation and traffic. We will show in the following section how this can be achieved.

3

The Cell Structure

One of the main ideas in this paper is to use the position information to define a global grid. The length
of a grid square ` is a constant fraction of the transmission range r. We will call such grid squares cells.
Each mobile host uses its positioning capabilities to determine to which cell it belongs. It can also assign
its neighbors to the cells within its transmission range, based on their position coordinates. Thus, we can
abstract from the view of a mobile host’s environment by classifying the cells. In Section 3.1 we will see
that this classification leads to a formal description of barriers.
The subdivision of the plane into cells can also be used to define a local communication schedule. If
there are more than one mobile host located in on cell, we assign a constant number of gateways, which
provide the connection to neighbored cells. Therefore, the maximum number of active nodes in distance r
to a mobile hosts is constant, which helps us to deal with interferences.
We will pick up this idea to demonstrate, that we can abstract from the geometric properties of the
network topology which is defined by the transmission radii of the mobile hosts. In the following we show
that we can perform routing on the cell structure with constant overhead.
We will establish the cell structure by a 2-hop-proactive protocol with altogether O(n) messages in
each phase.
• Phase A: Each mobile host broadcasts its coordinates.
• Phase B: Each mobile host broadcasts the grid coordinates of cells, from which it has detected a
signal in phase A.
Because the cell length is a constant fraction of the transmission radius the possible set of cells, where
other nodes can be heard, is constant. So, the communication overhead for the second round is O(n) bits.
Because each message broadcasted in phase B contains only the classification of a constant number of
cells, the message length remains constant regardless of the size of the neighborhood. Thus, the overhead
of this protocol is smaller than of a typical dissemination of information among a 2-hop neighborhood.
We rely on the assumption that all mobile hosts in a cell are connected directly. So it is sufficient to
find gateways for each of the cells. The maximum number of cells within the transmission range r grows
quadratically by r` . This is a constant, since we choose ` linear in r.
We will assign explicit and implicit gateway nodes. Explicit refers to a situation where a gateway node
is informed about its role by the proactive protocol. Explicit gateway nodes serve as senders of messages.
Messages will be sent from explicit, outgoing gateways to incoming gateway nodes, which learn their role
as incoming gateway by the header information attached at the message, i.e. by the reactive part of the
routing protocol. These implicit gateways will forward the message to another explicit gateway for further
delivery, or directly to the destination, if it resides in the cell.
Lemma 1 There exists a 2-hop-proactive protocol that explicitly assigns for each cell O(1) outgoing gateway nodes and implicitly assigns for each cell O(1) incoming gateway nodes.
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Proof: The actual algorithm starts when all (proactive) communication is completed. Then, all nodes in
a cell know all their neighbors’ location data. All nodes perform the following routine process in parallel
without any further communication.
We use an ordering of the nodes in a cell based on their coordinates. For this, one can sort the nodes
according to the coordinates (first horizontal, then vertical).
At the beginning we start with the union of all cells C that can be reached by any node of this cell and
the set S of all nodes in a cell. We assign the first node as an explicit gate way to all its neighbored cells
and eliminate all these cells from C and eliminate the first node from S. We repeat this until the cell set C
is empty.
Once the grid structure based on the gateways is established, we can shift our focus from a rather geometrical, i.e. Euclidean, point of view to a discrete description. The problem of routing information through
the network is reduced to shift information from one grid cell to neighbored grid cells. The neighborhood
information is available at the gateways. In the next sub-section we see that we already have some local
information of communication barriers.

3.1

Barriers, Cells and Routes

Every mobile host knows its absolute position within the plane given by x
pand y-coordinates. We choose a
cell structure based on a grid subdivision with edge length ` of at most 3/20 r ≈ 0.39r, where r is the
guaranteed maximum transmission range of all mobile hosts. We introduce three classifications for such a
cell, see Figure 2:
1. A cell is a node cell if at least one mobile host is inside the cell.
2. A cell is a link cell if it does not contain any mobile host and if it is intersected by the line between
two mobile hosts with distance at most r; or if all points of the cells have distance at most r/2 to a
mobile host.
3. Every other cell is called a barrier cell.
Definition 5 A cell barrier is a set of barrier cells, which are connected orthogonally or diagonally. The
border cells of a barrier is the set of barrier cells having cell or link nodes as orthogonal or diagonal
neighbors. The cell barrier circumference is the number of border cells.
Note that all border cells of a barrier are connected orthogonally.
Definition 6 A cell-based path is path (u1 , . . . , um ) in a unit-disk-graph with the following properties:
1. |ui , ui+i | ≤ r, for all i ∈ [m − 1].
2. u2 , . . . , um−1 are gateway nodes, where u2i are explicit gateways and u2i+1 are implicit gateways.
3. The cells of u2i−1 and u2i , for i ∈ {1, . . . , m/2} are gateways of the same or orthogonally neighbored cells.
A cell route (c1 , . . . , cm ) consists of node or edge cells, such that ci and ci+1 describe the same cell or
orthogonally neighbored cells.
We call an edge the implicant for a link cell if it intersects with the link cell. Similarly we call a node cell
the implicant of a link cell, if all points in the link cell have maximum distance r/2 to this point. We show
that paths in the network and cell routes are essentially equivalent. The crucial point for this equivalence is
the connectivity property of a link cell C. All causing nodes or edges of a link cell are directly connected,
i.e. if two edges are implicants for the link cell, then there is a direct connection between at least one node
of each edge; for an edge and a node as implicants, the node is connected to at least one of the nodes of the
edge; for two nodes as implicants these are directly connected.
p
Lemma 2 If ` ≤ 3/8 r then all link cells fulfill the connectivity property.
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Proof: In the case of two nodes causing the link cell, this follows by the triangle inequality, since all
points of the link cell have maximum distance r/2 to the nodes. In the case of an node and an edge as a
implicant, there is a point in the link cell, which has at most distance r/2 to one of the nodes of the edge
and the connectivity property follows.
If the two causing edges of the link cell cross each other in the link cell. Then this crossing point has at
most distance r/2 to one of the nodes each. Again the triangle inequality proves the claim.
If the link cell was originated by two link cells without an intersection in the cell, then
√ we have two
lines of maximum length r where two points on the lines exist with maximum distance 2`. Given two
lines with these properties the question is how far can be the minimum distance of pairs of nodes of different edges. The minimum distances between points of two different edges occurs for at least one end point.
Then, the
√ worst case is that this end point form apisosceles triangle with the other edge as base line and
height 2`. This leads to the maximum distance 2`2 + r2 /4 = r.
Theorem 3 If ` ≤
a constant factor.

p

3/20

r paths in the network and cell routes in the cell structure are equivalent up to

1. Every path p of the network can be replaced with cell-based path p0 of length at most 2|p| + 1, where
the cell route of p0 is a superset of the cell route of p.
2. For every cell route R there exists a cell-based path of length at most 2|R|.
Proof:
1. We substitute the path p = (u1 , . . . , un ) as follows. For each edge ei := (ui , ui+1 ) we use the explicit gateway node gi in the cell of ui responsible for the cell of ui+1 and the implicit gateway wi in
the cell ui+1 responsible for the cell of ui . The cell base path is now (u1 , g1 , w1 , g2 , w2 , . . . , gn , wn , un ).
Since nodes in the same cell are connected this proves the first part of the claim.
2. We consider all three possible transitions between orthogonally neighbored cells:
• Node cell to node cell: Because ` ≤

√1 r
5

event the farthest nodes of the cells are connected.

• Node cell to link cell: If the link cell was implied by a node u then we consider the closest
point of the link cell to a node v in the node cell. If ` ≤ 12 r then the distance from u to v is at
most r using triangle inequality.
If the link cell was implied by an edge we consider√a point of the line inside the node cell.
The maximum distance to a node in the node cell is 5`. Hence, the worstqcase is a isosceles
√
3
triangle with the edge as base line of length r and height 5`. Since ` ≤ 20
r at least one
of the end points of the causing edge is in the transmission range.
q
• Edge cell to edge cell: For ` ≤ 38 r this follows from the link connectivity property.

Remember that barrier cells are deserted cells which obstruct routing. One may extend this notation
also to barriers in the original meaning like walls obstructing radio signals. Our concept of barrier cells is
compatible to this notion as long as the connectivity property of link and node cells is satisfied. In Figure 3
an example is given where this property is violated by barriers obstructing radio signals. In such a case the
communication graph is not planar anymore and our techniques cannot be applied.

4

Routing Algorithms using the Cell Structure

Based on this cell structure we will analyze existing approaches and compare to our new algorithm.
Thereby we will concentrate on the measures hop-distance and traffic. Because of Theorem 3 cell routes
can replace paths if we use a 2-hop-proactive protocol. Hence, we assume that routing from one cell to
8
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Figure 2: Classification of cells. The node in the center derives the classification of cells within its transmission range from the position information broadcasted by
its neighbors. Furthermore, this view is enlarged by the
cell classification of the neighbored nodes, which is also
broadcasted.
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Figure 3: In general the concept of barrier
cells cannot be extended to obstacles since
the communication graph is not planar anymore and recovery strategies may fail.

an orthogonally neighbored needs one round and do not change the asymptotic behavior of the routing
algorithm.
In the following n denotes the number of nodes, s describes the source cell and t the target or destination
cell. The minimal hop-distance between s and t counted by node or edge cells is described by h, while h0
is the minimal distance in L1-norm allowing also barrier cells. At last m describes the number of reachable
and relevant border cells, which is linear in the number of reachable and relevant barrier cells.
The relevant barriers are the barriers that are placed in a circular area with some radius O(h) around the
source node. The size of a barrier is given by the number of border cells it is enclosed by.
Kuhn, Wattenhofer and Zollinger [13] prove tight bounds for reactive routing, if the number of nodes
in each cell is constant (we reformulate the theorem for the cell structure).
Theorem 4 [13] Assume that in every cell at most a constant number of mobile hosts reside. Then, there
exists a reactive routing algorithm, such that the maximum route length is bounded by O(min{h2 , n}) and
the number of messages is bounded by O(min{h2 , n}). Furthermore, these bounds are tight.
The assumption of a bound on the number of nodes in a cell (originally in [13] there is a minimum
distance of mobile hosts of c r for some constant c >√0) allows the use of a completely reactive protocol
while avoiding linear overhead in the case that h ∈ o( n).
There are many approaches for position-based routing [12, 10, 4, 13]. Efficient single-message strategies combine greedy forwarding with a recovery strategy. A time-efficient multi-message strategy is flooding. Flooding actually needs no position information. However, if positions are known, the flooded area
can be restricted.

4.1

Greedy Forwarding and Recovery

Greedy forwarding strategies like compass routing [12] or MFR (most forward within radius) [19] can be
applied to the cell structure, by forwarding a message to that node cell, that fulfills the local optimization
criteria.
As a variant of compass routing, we can also apply the following forwarding rule: Given a source s and
target t, we imagine a line from a point in the source cell to the target cell such that this line never crosses
a corner point of the grid. This line intersects with cells, that are orthogonally connected. The greedy path
L(s, t) is the sequence of all these cells along the line from s to t. A node on this path determines the cell
on the path (among the cells that it knows) that is nearest to the destination. If this is not a barrier cell, it
forwards the message to the node that is inside or responsible for this cell. Otherwise it initiates a so-called
recovery.
9

Recovery When greedy forwarding fails, a recovery strategy is needed. In recovery mode a message is
routed along the border of a barrier according to the so-called right-hand rule1 . Therefor a planarization of
the underlying network topology is needed to prevent cycles. This can be achieved by using only the edges
that would be present in a relative neighborhood graph or a gabriel graph (see [9]). Unfortunately, this type
of planarization means cutting long edges and using only short links, which leads to many small hops in
recovery mode.
The cell structure has two advantages: First, no additional planarization strategy is needed, because
the border of a barrier is defined by barrier cells. Second, a node knows the structure of the barrier in its
immediate environment. So it can take advantage of its whole transmission range and forward packets to
nodes with the most forwarding progress in recovery mode.
Progress condition To prevent cyclic routes a message remains in recovery mode until a progress condition is fulfilled. One can choose among the following.
Let g be the cell where the greedy algorithm has transited to the recovery mode. The cell s is the source,
t the target of the message. L(s, t) denotes the set of cells on the direct line between s and t. B(u) is the
set of barrier cells in the vicinity of a node u.
1. Greedy recovery (“early return”)
Greedy recovery means to resume greedy forwarding whenever a progress is possible. The progress
condition is fulfilled if at node u at least one non-barrier cell c exists that is nearer to the destination
than cell g according to the L1-norm.
Cgreedy (B, c, t) := ∃c 6∈ B(u) with ||u, c||1 ≤ 1 : ||c, t||1 ≤ ||g, t||1 .
This progress condition provides the basis for a multi-message strategy: A message is duplicated
when it is switched to recovery mode. Then, a barrier is surrounded from both sides.
2. Guide line (“late return”)
Following the approach in [12] the following condition allows to resume the greedy mode:
Cguideline (g, c, t) := c ∈ L(g, t) ∧ ||c, t||1 ≤ ||g, t||1 .
I.e. a message returns to greedy mode, when it has surrounded a barrier and reached a guide line that
connects g and the destination t. We will choose the line between source and destination instead, as
described above.
If a barrier is surrounded by duplicated messages on both sides, this progress condition defines a
common point, at which both messages may return to greedy mode.
Search area restriction There are two basic strategies to limit the search area in reactive routing algorithms, where routing paths are not known. E.g., the ad hoc network routing protocol AODV [16] uses
flooding to discover a route to the destination. For such cases expanding ring search is a well-known
technique to restrict the flooding overhead. Expanding ring search uses the time-to-live field (TTL) in the
routing header of a packet. Beginning with a short TTL the search for the destination is started. If the
destination cannot be reached, the search is repeatedly started with an increased TTL until the destination
is found. With regard to efficiency we use expanding ring search with a multiplicative increase, i.e. the
TTL value is doubled in each round.
Another strategy uses a bounding ellipse. As we know the positions of source and destination determine
an area where a path of a length h can extend from source s to destination t. This area is bounded by an
ellipse E = {x | ||s, x||1 + ||x, t||1 = h} with source and destination as foci. h equals the length of the
major axis. Now we can apply a strategy similar to expanding ring search. First we start with a bounding
ellipse that contains only the directed path (h0 := ||s, t||1 ), and then we enlarge the ellipse (hi+1 := 2hi )
1 The right-hand rule is a well-known rule for traversing a maze: By keeping one hand (either the left or the right hand) in touch
of the wall, it is guaranteed to find a way out of a maze.
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until a path to the destination is found. Here, the messages are not deleted after a certain time but the
routing paths are bounded by an artificial boundary that is given by the border of the ellipse.
The bounding ellipse is also applied by Kuhn, Wattenhofer and Zollinger [13] to face routing in oder
to achieve asymptotic efficiency.
Routing strategies There are several variants to combine a greedy strategy with an appropriate recovery strategy. We concentrate on two strategies that should stand representatively for greedy routing with
recovery. We have combined known techniques with respect to asymptotic efficiency.
• Greedy Forwarding with Greedy Recovery (G2)
Multi-message strategy with message duplication in front of barriers; Search area restriction through
bounding ellipse (G2-Ell) or TTL (G2-TTL).
• Greedy Forwarding with Guide Line Recovery (G-Guide)
Single-message strategy with depth-first search on the routing graph; Search area restriction through
bounding ellipse.
G2 duplicates a message if it is switched to recovery mode. Then, one message is forwarded according
to the right-hand rule, the other message, i.e. the duplicate uses the left-hand recovery. If a messages in
recovery mode encounters a cell that has been already visited by another message duplicate, then it is
deleted. The algorithm uses bounding ellipse or expanding ring search (TTL).
G-Guide uses only the bounding ellipse. In this strategy it may happen, that a packet has to traverse
most of the barriers in every step. Therefore we consider a set of paths that are defined by the guide line,
the barriers and the boundary of the search area. We call this set of paths routing graph. The algorithm
performs a depth-first search for the following reason, which can be explained by means of the example
shown in Figure 4: At node v the right-hand recovery starts and the recovery path leads back visiting
segments of the bounding ellipse that have been visited before. This happens at all the nodes located at
a position similar to node v. Turning back earlier to greedy mode violates the progress condition, so it
could happen, that the destination is not found. In order to prevent the message from such a detour one
could define the visited segments of the guiding line as artificial barrier. But then it is not guaranteed that
the destination is reached (The S-shaped barrier near t is a counter-example). Depth-first search on the
routing graph (see Figure 5) can handle this case. It requires a list of visited nodes of the routing graph to
be appended to the message.
Upper Bounds For the G2 algorithm we first determine, how long the shortest path the algorithm finds
can be compared to the overall shortest path.
Lemma 3 The ratio between the length h of the overall shortest path P and the length ` of the shortest
path the G2 algorithm finds P 0 is bounded by c · h for a constant c.
Proof: The shortest path is included in a circle C(t, h) around the destination t with radius h. The path
P 0 can only be enlarged through barriers. Such a barrier must not partition the circle such that source and
destination are separated. Otherwise it would also lengthen the shortest path P . Actually, we have to regard
an ellipse, but a weaker condition (circle) suffices in this case. Under a circle in L1-norm we denote the
point set
C(c, r) := {x | ||x, c||1 ≤ r} .
If barriers are not allowed to partition the circular region, then the algorithm can find a path that is completely inside the circle C(t, h), because barriers are surrounded from both sides. The length of this path is
bounded by the area of C(t, h), which is c · h2 for a constant c.
Theorem 5 The G2-TTL algorithm (multi-message) has dilation O(h + m) and needs O(h3 ) messages,
where h is the length of the shortest path between source and destination and m the size of relevant barriers.
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Proof: The paths of all the messages form a tree. A branch ends if a message reaches the destination,
comes across another path (then the tardy duplicate is deleted), or if the TTL expires.
Dilation: Assume, we know the appropriate TTL value. Then, the shortest path from source v0 := s
that reaches the destination vk := t defines the dilation. This path can be partitioned into greedy sections
and recovery sections. Consider a node vi on this path and assume the message is in greedy mode. The
message is heading for the destination until it is switched to recovery mode by a node vi0 . Then, it remains
in recovery mode until the circle C(t, ||t, vi0 ||1 ) is entered at some node vi+1 . I.e. ||t, vi0 ||1 = ||t, vi+1 ||1
Pk
and therefore i=1 ||vi , vi0 ||1 = ||s, t||1 ≤ h. In recovery mode the message is always in contact with the
border cells of a barrier. Thus, the recovery sections P (vi0 , vi+1 ) of the routing path have a total length of
Pk
0
i=1 |P (vi , vi+1 |) ≤ m. Altogether the path length is bounded by h + m.
We have to approximate the appropriate TTL by starting with an initial value h0 = ||s, t||1 and doubling
Plog((h+m)/h0 ) i
2 h0 =
it until the destination can be reached (TTL ≥ h + m). Thus, the dilation is D = i=0
−
1)h
=
O(h
+
m).
(2 h+m
0
h0
Note that m ≤ h, i.e. in the worst-case the dilation is h2 (cf. Lemma 3).
Traffic: If a shortest path of length h exists, it is inside the circle C(t, h). Then the length of the path
P 0 the algorithm finds, is bounded by O(h2 ) (Lemma 3). There may be barriers outside the circle C(t, h)
that are traversed by message duplicates. Note that duplicates are only generated inside the circle (when
switching to recovery mode) and not outside. Outside the messages remain in recovery mode, because a
progress is made only when entering the circle again (C(t, h) defines the progress condition). That has two
consequences: First, there is no message duplication outside C(t, h) and therefore the number of messages
for each recovery path outside C(t, h) is bounded by the TTL. Each path can have a length of h2 because
the TTL grows up to h2 (length of P 0 ). Second, the number of paths that leave the circle is bounded by the
circumference of C(t, h), which is O(h).
The number of messages inside C(t, h) is bounded by O(h2 ). Outside the circle, there are at most O(h)
Plog(h2 /h0 ) 2 i
h +2 h0 ·h =
paths with maximum length h2 each, i.e. a total traffic of O(h3 ) messages: T = i=0
O(h2 log h + h3 ).
Theorem 6 The G2-Ell algorithm (multi-message with bounding ellipse) has dilation O((h + m) log h)
and needs O(min{m · h log h, h2 }) messages, where h is the length of the shortest path between source
and destination and m the size of relevant barriers.
Proof: Dilation: Assume, we know the size of the bounding ellipse and the ellipse contains a path from
source to destination. The bounding ellipse is an artificial barrier with additional O(h) barrier cells (the
circumference of the ellipse is linear in the length of the major axis).
If the straight line toward the destination is intersected by a barrier, then from the barrier cell at this
intersection point there is a path along the border of the barrier to another border cell that is nearer to
the destination. Otherwise the destination would be isolated. In this case we regard the bounding ellipse
together with all barriers connected to it as one barrier. The algorithm uses such paths in recovery mode.
In the worst case it traverses all the barriers. Additionally there are the greedy sections of the routing path,
the total length of which is bounded by h. For a fixed size of the ellipse the dilation is O(h + m).
In this case the barrier cells can be aligned in one row such that only after enlarging the ellipse log h
times the destination can be reached. I.e. the algorithm performs O(h + m) steps each in log h rounds,
which results in a dilation of O((h + m) log h).
Remark on acknowledgments: After each round the source has to wait for acknowledgments with which
it can detect whether a route to the destination was found or the messages were dropped. In the latter case
the next round with an enlarged ellipse is started. The acknowledgments use are forwarded along the edges
of a tree that is given by the routing paths of the message duplicates. The leaves of this tree are the points
where messages are dropped (because they cross the path of another message) or reach the destination. At
each branching point, the early acknowledgment of one subtree waits for the tardy acknowledgment of the
other subtree. Then only one acknowledgment is forwarded to the next branching point. The additional
dilation by this acknowledging process is given by the length of the longest path in the routing tree. It is
bounded by the length of the greedy sections h0 , the length of the recovery sections (which are at most m)
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and the circumference of the bounding ellipse (which is O(h)). Thus, the acknowledging process increases
neither the dilation nor the traffic asymptotically.
Traffic: The routing paths of the message duplicates form a tree. Each path consists of greedy sections
and recovery sections. Since a border cell of a barrier is visited by at most one message (message duplicates
that cross an already visited recovery path are deleted), we regard a recovery section as one node in the
tree. Such a node defines a branch, where a duplicate of a message is created. The greedy sections have a
length of at most h0 ≤ h because of the progress condition. Thus, the tree has depth at most h and at most
m nodes, i.e. it has a size of at most h · m. Additionally there are m messages needed for traversing the
borders of all relevant barriers. This amount of messages is needed in each of log h rounds in which the
ellipse is enlarged. Thus, the overall traffic is O((h · m + m) log h).
It is also obvious that there are not more than h duplicates that can be generated (duplicates are only
created when in greedy mode a barrier is encountered). I.e. if m > h then the barriers are traversed, but
they cannot force more than h paths to be created. In that case the traffic can easily bounded by the area
of the bounding ellipse. The area of the ellipse in round i is bounded by c · h2i for a constant c, where
hi = 2i h0 is the length of the major axis.
Plog(h/h )
T = i=0 0 (2i h0 )2 = O(h2 )
Theorem 7 The G-Guide algorithm (single message) has dilation and traffic h + (1 + log

√h )m.
m

Proof: The algorithm uses greedy paths and recovery paths: A greedy path is a segment on the guide line.
A recovery path begins where the guide line is disrupted by a barrier. It leads along the border of a barrier
and possibly along the border of the bounding ellipse until reaching the guide line again. We can abstract
from this imagination and define a graph G = (V, E) that contains the greedy paths and recovery paths as
edges and the crossing points between these paths as nodes:
u ∈ V , if u is a cell on the guide line and adjacent to a barrier cell. {u, v} ∈ E, if u, v ∈ V and there
is a greedy path or a recovery path connecting u and v. There are at most 3 edges connecting two nodes
(greedy path, left hand or right hand recovery path). An edge weight |{u, v}| is given by the number of
cells on the path connecting u and v.
P
The algorithm performs a depth-first search on G and thus visits O( e∈E |e|) cells in each round. The
sum of edge weights is bounded by the length of the guide line h0 , the number of barrier cells m and the
circumference C of the bounding ellipse, which P
is an artificial barrier (C is linear in the length of the major
axis). In round i the size of the routing graph e∈E |e| is bounded by O(hi + m) where hi = 2i · h0
represents the length of the major axis.
The algorithm increases the bounding ellipse until the destination can be reached. If there is a path
between source and destination inside the bounding ellipse, then, obviously, it is found by the algorithm.
Otherwise the destination would be isolated by barriers. The shortest path between source and destination
with length h can be covered by an ellipse with size (length of the major axis) of at most h. Therefore,
log h rounds are sufficient to increase the ellipse such that the destination can be reached.
How can we delay the algorithm with O(m)√
barrier cells? Consider 2m barrier cells. m barrier cells
are used to form a quadratic maze of side length m such that a path through the maze has length m. The
remaining m barrier cells are aligned in a row orthogonal to the guide line, in order to force the bounding
ellipse to be enlarged.
√
√
It takes log m rounds to discover the maze, i.e. after log m the maze is included in the ellipse.
√
In each of these rounds the dilation
is bounded by the area
the ellipse covers. So, for the first log m
√
Plog(√m/h0 ) i
P
√
log m
rounds the dilation is D = i=0
(2 · h0 )2 ≤ i=0 (2i )2 = O(m). Then there are log(h/ m)
remaining rounds, the dilation is c · m per round for a constant c, because in each round the maze must be
Plog h
discovered. For these remaining rounds the dilation is D = i=log √m c · m + 2i = log √hm · c · m + 2h −
√
2 m.
Altogether the dilation is O(h + (1 + log √hm )m). This bound holds also for the traffic because this is
a single message strategy.
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Figure 4: Source s and destination node t are
connected by a guiding line that is intersected by
some barriers. The search area is bounded by an
ellipse (L1-norm). The right-hand recovery initiated at node v leads along barriers and sections of
the bounding ellipse that have been visited before.

4.2

t

Figure 5: Example for the G-Guide algorithm.
The possible paths (greedy and recovery paths)
with their interconnection points form the routing
graph. The G-Guide algorithm performs a depthfirst search on this graph.

Flooding

Flooding is the fastest way to route a message to the destination; unfortunately it needs the highest number
of messages. Often it is unnecessary to flood the whole network. Instead of that, one may use expanding
ring search starting with search depth h0 := ||s, d||1 . This way we take advantage of the position information. We bound the flooding area by setting the time-to-live of the message to h0 . Then, we wait for an
acknowledgment from the destination. If no acknowledgment arrives, we double the search depth, i.e. in
step i we set the time-to-live to hi = h0 · 2i . This strategy works also without position information: Then
we begin with h0 := 1.
Proposition 1 Flooding has dilation O(h) and needs traffic O(h2 ).

4.3

Chessboard Routing

In this section we present a position-based routing algorithm using the cell structure with the same asymptotic time behavior as flooding but with substantial less traffic if the number m of relevant border cells is
small. As a building block of this algorithm we consider the following message multicast problem
Definition 7 The frame multicast problem is defined for a square of h × h cells and a set of entry points
s1 , . . . , sk which are started at certain time points t1 , . . . , tk . The task is to multicast the message to all
cells on the frame which can be reached by paths using only cells of the square.
Such a routing scheme is called α-competitive if for each cell u on the frame of the h × h square S a
message is delivered to u in at most mini∈[k] {ti + α dS (si , u)} steps, where dS (s, u) denotes the shortest
cell route from s to u using only cells of S.
Of course, by definition the simple flooding algorithm is 1-competitive. The main disadvantage of
flooding is the large number of message, namely h2 , regardless whether few or many border cells are
involved. The following lemma relies on a simple technique to reduce the traffic with only constant factor
slow down.
Lemma 4 There is a O(1)-competitive frame multicast algorithm that requires traffic O(min{h2 log h, h+
m2 log h}), where m is the number of border cells in the h × h-square.
Proof: Every entry point sj coordinates message delivery in a disjoint partition of the square. A cell
belongs to a partition of S, if the chronologically first received message stems from sj .
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Each of the entry points starts as soon as they are activated and work in rounds, until the entry point’s
partition cannot be extended anymore.
If in the preceding round more than 14 2i border cells were detected, the algorithm skips the first surrounding phase and starts with flooding. In the surrounding phase two messages are sent for 2i steps along
the edges of the square. If barriers intersect with the edge cells of the h × h square then the messages
follows the barrier through the border cells by a left hand or right hand traversal. The whole message transmission stops if an already informed cell is found. Along the two paths all found border cells are counted
and eventually after reaching the depth restriction of 2i , this number is reported to the entry point.
The entry point triggers a flooding algorithm of depth 2i , where branches of the delivery are cut, if
already informed cells are reached or a barrier cell prevents further forwarding. Cells informed by the same
entry point in a previous round are seen as uninformed. Furthermore, frame cells which were informed in
a surrounding phase of the same or a different entry point are also seen as uninformed, and flooded once
more. The message transmission describes a breadth first search (BFS) tree. After 2i steps the transmission
process will be reversed and the number of border cells will be reported to the entry node with the same
number of messages as before.
For the timing, note that if in the surrounding part only 41 2i border cells are found, then all frame cells
within distance 12 2i can be informed. If the algorithm switches to flooding, then of course all frame cells
within distance 2i are reached in this round.
For the time behavior consider an entry point informed at time 0 with distance dS (s, u) = d to a frame
cell u. So, it takes 2 + log d rounds until this frame cell is in the reach of s at the latest. The i-th round
needs 4 · 2i rounds for the surrounding and flooding phase. This gives a constant competitive ratio of 16.
For the number of messages let mi denote the number of border cells found in the i-th round. Now if
mi ≤ 41 2i then the number of messages is bounded by 4 · 2i , because only the surrounding part is executed.
Otherwise we have at most 4 · 2i + 2 · min{22i , h2 } messages in this round.
Now we sum over all rounds and receive the following traffic M0 (h, m).
X
X
M0 (h, m) ≤
4 · 2i +
4 · 2i + 2 · min{22i , h2 }
i∈[log h]: mi ≤ 14 2i

X

≤ 8h +

i∈[log h] : mi > 14 2i

min{2 · 22i , 2 · h2 }

i : mi > 14 2i

X

≤ 8h +
i:

|

X

2 · 22i +

1 i
4 2 ≤mi ≤h

{z

=O(m2 log h)

2h2

i : mi >h

|

}

{z

}

=O(h2 log h)

If there exists a round where mi ≥ h, then after some log h additional rounds the process stops, since the
maximum search depth is limited by h2 . This gives an upper bound of O(h2 log h) messages.
Now assume that in each round we have mi ≤ h. This gives a bound of O(m2 log h + h).
The number of messages can be reduced by a logarithmic factor if one uses the explored BFS-trees of
the previous round. For this, one resends messages into a branch of the tree if there is at least an open leaf
left. The following lemma proves, that the number of messages is only linear in the size of the overall-tree.
Given a tree T let Ti denote a sub-graph of tree which contains all paths from the root to the leaves
with minimal length i, which are pruned at depth i. This way, the sub-tree Ti has all leaves in depth i. Let
s(T ) denote the size of the tree, i.e. the number of nodes.
Lemma 5 For all trees T with depth d(T ) it holds

Plog d(T )
i=0

s(T2i ) ≤ 2 · s(T ) .

Proof: For each node u of a sub-tree T2i we put a mark on a node of the original tree T . If the depth of u
is larger than 2i−1 , we put the mark on u. If the depth d(u) is at most 2i we choose an arbitrary successor
in depth d(u) + 2i−1 . This way every node of T receives at most two marks which implies the claim.
Applying this observation to the frame multicast algorithm presented in Lemma 4 we can reduce the
traffic by a logarithmic factor.
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Figure 6: The principle behavior of Chessboard routing
relies on a grid where for each sub-square the number of
found border cells indicate whether in a sub-square the
flooding or the surrounding strategy is applied.

t

Figure 7: Combining competitive frame
multicast algorithms for position-based
routing

Lemma 6 There is a O(1)-competitive frame multicast algorithm that requires traffic O(min{h2 , h +
m2 }), where m is the number of border cells in the h × h-square.
The proof follows from the above considerations and is analogous to the construction used in the following
lemma. It will appear in the full paper.
We will now discuss a technique to combine traffic efficient frame multicast algorithms within a grid
structure to reduce traffic asymptotically while keeping constant competitive ratio, see Figure 6.
2

Lemma 7 For all g ≤ h there is a O(1)-competitive frame multicast algorithm with traffic O(min{h2 , hg +
m · g}).
Proof: For readability we do not discuss problems induced by rounding. It can be easily seen, that this
causes only a constant factor change. We partition the h × h-square into a hg × hg grid of squares of size
g × g.
Every entry point of the h×h-square controls the following algorithm which is somewhat a generalized
version of the algorithm in Lemma 4.
Again the multicast process works in rounds. If in the preceding round 14 2i border cells were detected,
then the following phase will be skipped and the algorithm proceeds with Grid-BFS. Two message are sent
along the surrounding for at most 2i steps by a left hand and right hand rule. This forwarding stops when an
informed cell (not counting the surrounding messages of the previous round) was found. Then, a message
is sent back noticing the entry point about the number of border cells found.
Now the Grid-BFS phase of the round starts if at least 14 2i border cells have been found. In this round
a BFS-tree of depth 2i will be built using the c-competitive frame multicast inside the sub-grids of size
g × g. This process reuses a BFS-tree of the preceding round, which shows sub-branches where the leaves
remain to be explored. Every time a message reaches the outside of such a sub-square, an entry point at
the neighbor cell is created and again the c-competitive sub-routine starts. The BFS stops if messages from
different entry points of the square were found.
After the forwarding phase, the BFS-tree will be used for gathering information for the coordinating
entry points. This information is the number mi of newly found border cells, and the paths which should
be explored in the next round.
For the time and traffic analysis we concentrate on the case of one entry point. For more than one entry
point the proof is analogous and the overall traffic and time remains the same.
The time behavior follows from the c-competitivity of the sub-grids and the structure of the search. For
the traffic let mi,j denote the number of border cells
P found in sub-square j in the ith round. Because we
count only the newly found border cells we have i,j mi,j = m.
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Then there are the following cases.
1. mi ≤
O(h).
2.

1 i
42

1 i
42 :

Then at most 4 · 2i messages are transmitted. Summing over all rounds yields traffic

≤ mi ≤ 22i : Then the traffic in the i-th round is linearly bounded by the following term.
22i /g 2

X

22i /g 2
2

2

min{g , g + (mi,j ) }

≤
≤

22i
mi 2 mi 2
22i
+
g +
g ≤
g + 2mi g
g
g
g
g2

j=1

X
22i
≤ 2g+
g2 +
g
j : m >g
i,j

Note that

P

i

j=1

X

(mi,j )2

22i /g 2

X

j : mi,j ≤g

g+

X

min{g 2 , (mi,j )2 }

j=1

2

mi = m and thus the overall traffic is bounded by O( hg + mg).

Combining these Lemmas we can state the following theorem.
Theorem 8 For every g ≤ h Chessboard routing as a position-based multi-message routing algorithm has
2
dilation O(h) and traffic O(min{h2 , hg + mg}).
Proof: We start with four squares of size h0 := ||s, t||1 , such that s and t are on the borders of two of the
h0 × h0 squares as depicted in Figure 7. Let i ← 0. For the four squares the multicast algorithm is started
to construct a BFS tree of depth hi . If the search for t fails, then the size hi+1 ← 2hi will be doubled,
i will be incremented and the larger squares arranged as shown in Figure 7. Clearly, this algorithm gives
Plog h
time behavior i=log h0 c2i = O(h) .
For the traffic we store in each square the paths that cannot be completely traversed because of the time
limit. In the next round the BFS-search starts at these leaves, and saves a logarithmic factor (analogously
as in Lemma 6 and Lemma 7.) Let mi be the number of border cells discovered in the i-th round. Then the
traffic is linearly bounded by
log
Xh
i=log h0
log
Xh
i=log h0



2i
2i 2
+ mi g ≤
min 2 ,
g



2i
2i 2
min 2 ,
+ mi g ≤
g

log
Xh
i=log h0

log
Xh

22i ≤ 2h2

and by

i=log h0

log
Xh
22i
2h2
2h2
+ mi g ≤
+
mi g =
+ mg .
g
g
g
i=log h0

This theorem proves that if the number of border cells is asymptotically smaller than h2 , then routing
in linear time can be performed with less traffic than flooding in the worst case.
Corollary 1 For g = hα , where α ∈ [0, 1] the Chessboard routing algorithm has dilation O(h) and
needs traffic O(min{h2 , h2−α + mh√α }). If an estimation of the number of border cells is known a priori,
Chessboard routing needs traffic O( mh) with dilation O(h).
This corollary shows an asymptotic reduction of traffic compared to all protocols discussed above, e.g.
3
if α = 12 then m = o(h 2 ). If the number of border cells m is reported by a first run of the routing protocol,
one can switch to the second choice g = √hm which for all m = o(h2 ) asymptotically needs less traffic
than h2 .
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5

Lower Bounds

Theorem 9 Every O(1)-proactive routing algorithms needs at least traffic Ω(m) and dilation Ω(h) for
m > h border cells and minimum distance h between source and target.
Proof: We consider a family of k node sets G = {G1 , . . . , Gh }. Each of the node sets consists of two
vertical chains of 2h nodes and m/h horizontal chains of h nodes, where the distance of each node to its
neighbors in a chain is the maximum transmission range r. All horizontal chains are parallel and have a
minimum distance of 2r. Their starting points are within the transmission range of the left vertical chain,
which contains the starting node of the routing problem. The target node is in the right vertical chain,
which cannot be reached from all but one of the horizontal chain nodes (cf. Fig. 8).
First note that for a O(1)-proactive routing algorithm the information available at all but some O(1)
nodes of each horizontal chains on the right side is exactly the same.
Using less than m/2 − O(1) messages can only delivered to half of the rightmost nodes of the horizontal chains. Now choose a random graph of this family. With probability 12 every routing algorithm must
fail to reach the target using less than m/2 − O(1) messages.
Theorem 10 Every O(1)-proactive single message routing algorithms needs at least dilation and traffic
Ω(m).
Proof: The proof uses the same graph family G, see Fig. 8, and is analogous to the proof of Theorem 9.
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