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ABSTRACT

Complexity]: Nonnumerical algorithms and problems—
sequencing and scheduling

Using idle times of the processors is a well-known approach to run coarse grained parallel algorithms for extremely complex problems. We present on-line algorithms
for scheduling the processes of a parallel application that
is known oﬀ-line on a dynamic network in which the idle
times of the processors are dictated by an adversary. We
also take communication and synchronization costs into
account.
Our ﬁrst contribution consists of a formal model to restrict the adversary in a reasonable way. We then show a
constant factor approximation for the oﬀ-line scheduling
problem. As this problem has to take communication cost
into account, it can be seen as a generalization of many
NP-hard parallel machine scheduling problems. Finally,
we present on-line algorithms for diﬀerent models with
constant or with “nearly constant” competitive ratio.
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INTRODUCTION

Using idle times of the processors of a LAN or WAN is a
well-known approach to run coarse grained parallel algorithms for extremely complex problems. This approach is
for example used for many number theoretic algorithms,
or, as one of the most prominent examples, SETI@home
[23] where thousands of Internet-connected computers are
used in the search for extra-terrestrial intelligence. Grid
computing, i.e., sharing resources distributed in, for example, the Internet in order to run complex applications
can be viewed as an extension of this scenario, because
now nodes with very diﬀerent capabilities are considered.
The system therefore is highly heterogeneous.
In this paper we focus on the ﬁrst scenario. We consider a system of identical processors that are used by
their “owners” who only allow idle times of their machines to be used for the parallel application. Thus, from
the point of view of our parallel algorithm, the network is
highly dynamic and its future behavior can not be foreseen. Therefore processes produced by our program have
to be scheduled on this dynamic network in an on-line
fashion.
We present an on-line algorithm for scheduling a program on such a dynamic network. Our programs are described by an evolving tree of processes of possibly different execution times. In contrast to most scheduling
algorithms, in our case the program in known oﬀ-line,
whereas the idle times of the processors are dictated by
an adversary. It is important to note that we also take
communication into account by assuming some cost g for
a migration of a process, and demanding a synchronisation between two consecutive levels of the tree. Thus our
model is inspired by the Valiant’s BSP paradigm for parallel computation.
It is easily seen that an unrestricted adversary that may
dictate the distribution of idle times in the processors
can enforce unbounded worst case performance for the

processes of our leveled tree. In our model we simplify
this behavior by assuming that a processor is either on
or oﬀ at a given time, thus it oﬀers a sequence of disjoint
time intervals in which it is available. We approximate
the lengths of the processes to powers of two.
More formally, the cost of computation of a superstep
t is deﬁned as follows.
The computation is synchronized at the beginning of
each phase. For every Qi , the cost of computation
CC(i, l, t) of phase l = 1, . . . , lt , of superstep t is equal to
its length. The congestion of Qi in phase l of superstep t is
denoted by M C(i, l, t). Recall that it is equal to the number of processes migrated from Qi plus the number of processes migrated to Qi . The overall cost of phase l of superstep t is C(l, t) = maxi CC(i, l, t) + g ∗ maxi M C(i, l, t) + L,
where L is the cost for
Pltsynchronisation. The cost of a
superstep t is C(t)
=
l=1 C(l, t) The total cost of comP
putation is C = t C(t). The goal is to ﬁnd a scheduler
that minimizes C.
We denote by C OP T the cost of an optimal oﬀ-line
schedule. It is clear that such a schedule will only use
one phase per superstep.
In the on-line version, the program is known beforehand, while the number of intervals available for scheduling processes is not known beforehand. However, the rate
of change of the number of intervals that are available in
each phase is constrained.
Consider two time intervals I1 and I2 of length T , where
T is bigger than a constant valued D. Denote by qi,k and

qi,k
the number of maximal intervals of length 2k in I1
and I2 , k ∈ {0, . . . , K}, where machine Qi is available
without interruption.
We consider two restrictions of our adversary. Both are
motivated by the insight that the amount of computation
power oﬀered by the network obeys some “approximate
periodicity”, i.e., it does not change dramatically between I1 and I2 . The stronger restriction demands this
individually for each processor, the weaker only for the
overall oﬀered computation power of large groups of
processors. Let 0 < , α < 1 be constants.

algorithm. On the other hand, typical systems do not
change the idle times reserved for an application in such a
drastic way. Therefore, a suitable model for the dynamics
of the network, i.e., a reasonable, realistic restriction of
the adversary is necessary.
In this paper, we contribute the following:
- We present two models for restricting the adversary
in a reasonable way. To our knowledge, this is the
ﬁrst formal model for such a behavior.
- We show a constant factor approximation for the
oﬀ-line scheduling problem. As this problem has
to take communication cost into account, it can be
seen as a generalization of many NP-hard scheduling
problems.
- Based on this, we present on-line algorithms for different models with constant or with “nearly constant” competitive ratio.
The next three subsections present our model, our new
results, and related results. Section 2 then describes the
oﬀ-line approximation. Section 3 presents our on-line algorithms.

1.1 The model
The program is a leveled tree. The nodes of the tree are
processes. Each process p has execution time w(p). The
computation proceeds in supersteps. In Superstep t, all
processes from level t are processed, superstep t + 1 can
start only if all processes from level t have been processed.
The machine consists of n processors Q1 , . . . , Qn . The
machine runs in synchronous phases.
Executing a program is done superstep by superstep.
Superstep 0 starts with the root executed in Q1 . Afterwards, the children of the root are mapped by the scheduler to processors. Superstep t starts when all processes
from level t have been mapped to processors. Executing a
superstep proceeds in (one or more) synchonized phases,
each consisting of a computation, a migration and a synchronization. During the computation, every processor
executes (some of) the processes mapped to it during the
previous migration. Afterwards, those processes of the
superstep that are not yet processed are migrated by the
scheduler. Finally a global synchronization takes place.
In the last phase of superstep t, when all its processes
have been completed, the scheduler maps the processes
from level t + 1 to the processors.
The cost of a phase consists of the time T needed for
its computation, time L for the synchronization and the
cost of the migration. This is given by the maximum
number of processes that are migrated from or to a speciﬁc
processor times an individual migration cost of g. More
formally, assume xi processes are migrated to processor
Qi , and yi processors are migrated from processor Qi , at
the beginning of a phase. The migration cost of processor
Qi will therefore be equal to g × (xi + yi ). The cost of
the migration phase is equal to maxi g × (xi + yi ). We will
refer to maxi (xi + yi ) as the congestion or the maximum
load of the phase. The cost for the superstep is the sum
of the costs of its phases.
The processors of our machine do only supply computation power that varies over time, i.e. idle times to process

Strong restriction:

|≤ εqi,k f or all i.
| qi,k − qi,k

Weak restriction:
X
X

| qi,k − qi,k
|≤ ε
qi,k f or all J with | J |≥ αn.
i∈J

i∈J

1.2 New results
In Section 2 we present an on-line algorithm that, based
on the log-star paradigm (see [18], [13]), [12]) executes one
superstep consisting of m uniform jobs with competitive
ratio O(log ∗ (m)) in case of the weak restriction of the
adversary.
In case of the strong restriction of the adversary and
non-uniform job sizes, i.e., if diﬀerent lengths of processes
are allowed, we also present in Section 2 a simple scheduling strategy with constant competitive ratio that uses a
limited amount of resource augmentation [14]. Our solution is based on the study of the oﬀ-line problem given
presented in Section 3, where we give a constant factor
approximation algorithm to schedule one superstep when

152

communications between the jobs.
In the project Bayanihan ([22]), a Java-based BSP implementation for volunteer computing systems, the computational work of the BSP supersteps is distributed by a
master to the workers. Each worker executes the job and
sends the new context and all messages for other processors back to master. Further work is going on to extend
the Paderborn University BSP Library (PUB library, see
[6], [5], [21]), so that idle times of a LAN or WAN can be
used to execute a BSP program eﬃciently.
Parallel machine scheduling problems with features
similar to those encountered in our scenario have been
considered in several works. Migration in parallel machine scheduling has been for instance considered in [2, 4,
16, 15]. However, at the best of our knowledge, either the
overhead of migration is not considered in the objective
function or it is not considered to perform migration in
parallel on the diﬀerent processors. On-line algorithms
for parallel machine scheduling in presence of machines
breakdown have for instance been considered in [1].

the lengths of the processes and of the intervals are restricted to be powers of 2.
We also prove that this problem is already NP-complete
in this speciﬁc case. The bound on communication cost,
i.e. on the maximum number of processes that can be
assigned to a single machine, is therefore in this case the
real source of NP-hardness. This problem then generalizes several well known NP-hard parallel machine scheduling problems, which makes the oﬀ-line approximation an
interesting contribution on its own. A limited amount
of resource augmentation allows to drop the assumption
that the numbers that are involved are powers of 2.

1.3 Related results
To our knowledge, there are no models and formal analyses known for scheduling processes on a dynamic systems
as considered in our paper. On the other hand, many
practical projects use the computation power of big networks of “used” processors.
First, there are programs for solving specialized problems, Seti@Home (search for extraterrestrial intelligence,
[23]), distributed.net (e.g. breaking cryptographic keys)
[9] and Folding@Home (simulation of protein folding, [10])
are some of the most famous ones. These systems work
with a large data space, divide this data into small pieces,
send them as jobs to the clients, and wait for the results.
There is no communication during the computation. If a
client does not return the result, a timeout occurs and the
job is scheduled to another client. These systems are very
powerful in terms of computation power because of the
huge number of clients taking part. On the other hand,
they are mainly used for algorithms that, in our terminology, consist of a small, constant number of supersteps,
each consisting of a huge amount of heavy processes.
Second, there are job scheduling and migration systems.
Here one can start jobs, either directly or using a batch
system. These jobs are executed on idle nodes and may
migrate to other nodes if the load in the system changes.
The Condor system [17] is one example for such system
implemented in user space, MOSIX [3] is an extension for
the Linux kernel. An overview of some migration systems
can be found in [19]. An implementation for migration of
the single threads, even in a heterogeneous network with
diﬀerent CPU types, is proposed by Dimitrov and Rego in
[8]. They extend the C language and implement a preprocessor which automatically inserts code for keeping track
of all local data. Additionally the state in each function is
stored, i.e. the actual execution point, and at the start of
a function a switch statement is inserted which branches
to the right position depending on the state if a thread
is recreated. The changes lead to an overhead of 61% in
their example, due mainly to the indirect addressing of
local variables.
All these systems support only sequential jobs (Condor
can schedule parallel jobs using MPI or PVM, but these
jobs do not take part in load balancing and migrations;
the MOSIX team is working on migratable sockets but
there is no implementation available yet). There is some
work about checkpointing threaded processes [7] useful to
migrate parallel programs for symmetric multiprocessor
(SMP) machines, but as far as we know there is no system
for distributed parallel applications that supports direct

2.

THE ON-LINE SCHEDULE

Our idea is to monitor the status of the machines to
determine a lower bound Tt on the computational time of
the optimum in a generic superstep t. We assume that the
optimum has completed superstep t − 1 not later than st .
We initialize Tt = g. The subroutine schedule provided in
Section 3 is able to check whether it is feasible to schedule
the processes of supertep t in time interval It = [st , st +Tt )
and congestion Ct = Tt /g. If the answer is negative,
we double the estimation Tt . If the answer is positive,
we have determined a lower bound optt ≥ Tt /2 + L on
the optimal cost in superstep t. We will therefore set
st+1 = st +Tt /2+L as a new lower bound on the optimum
for the completion of superstep t.
We restrict the length of the processes and the length of
the intervals to be a power of 2. Let mk be the total number of processes of length 2k to be assigned in superstep
t , 0 ≤ k ≤ K. In case of uniform processes, let m be the
total number of processes to be assigned in superstep t.
Assume from now that a generic superstep is processed
by the oﬀ-line algorithm in time interval I = [T, T + s).
k
Denote by li,k the number
Pprocesses of size 2 that are
l
=
m
,
0
≤
k ≤ K.
assigned on machine Qi , n
i,k
k
i=1
processes
are
assigned
to
In case
of
uniform
processes,
l
i
P
Qi , n
i=1 li = m. Let S = max{s, D}.
Lemma 1. There is a constant c such that each interval
I  of length c · S has the following property:
a) In case of non-uniform processes and the strong restriction: Each Qi can accommodate li,k processes
of size 2k also in I  .
b) In case of uniform processes and the weak restriction: Each Qi can accommodate li processes such
that
P 
–
li = 4m
– li ≤ c · (li +
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m
).
n

As, by construction, l˜i ≤lli m+ m
, we can choose I  to
n
1
have length c · s for c = 4 γ to obtain part b) of the
lemma.

Proof. For proving part a), consider an interval I˜ of
size S. As S ≥ D, the strong restriction guarantees that
(1 − ε)li,k slots for processes
m k are available in Qi .
l of size

Thus, if I  consists of c =

1
1−ε

consecutive intervals of

2.1 Uniform processes, weak restriction

size s, part a) of the Lemma follows.
In order to prove part b) we apply the following lemma.

Now let us concentrate on uniform processes and the
weak restriction. Consider a superstep consisting of m
uniform processes that can be processed by the optimal
algorithm in interval I = [T, T + s), including migration
and synchronization. Our oﬀ-line approximation for uniform jobs (compare the last paragraph of Section 2) then
produces a schedule that, starting at time T , needs
P s comli = m,
putation steps, so that Qi processes li jobs with
and maximum load C = max{li } ≤ gs suﬃces.
For our on-line algorithm, we need a sequence of coneach of them
secutive time intervals I1 , I2 , . . ., such
Pthat
can accommodate li jobs in Qi with
li = 4m , can migrate and receive li ≤ c · (li + m
) jobs from and to Qi ,
n
and ﬁnally synchronizes.
By part b) of Lemma 6, c · S steps suﬃce for the
computation, for S = max{s, D} . By the above, time
g ·c·max(li + m
) ≤ 2c·S suﬃces for migration, and L ≤ S
n
for synchronisation. Thus, intervals of size (3c + 1) · S sufﬁce.
of the
Assume that at the beginning of interval Il , m
r
jobs are not yet processed. (Initially, r = 1.)
Now we apply the idea of the log∗ -process, see [18], [13],
[12] . We distribute r ·2c copies of each of the m
processes
r
)
randomly among
processors, so that Qi gets c·(li + m
n
Pthe
n
m
copies. (Note:
c
·
(l
+
)
=
2c
·
m).
Each
Q
sorts
i
i
i=1
n
its copies
n randomly. o
Let X1 , . . . , X m
be the 0-1 random variables indir
cating that the i’th process is not processed in interval
Pm
r
Il . Then X := i=1
Xi indicates the number of left-over
processes after Il . As 4m out of the 2c · m copies will be
processed during the interval, we have:

Lemma 2. Let q1 , . . . , q1 , q1 , . . . , qn be integers ≥
0, 0 < ε, α < 1. Assume that
X 
X
|qi −qi | ≤ ε
qi f or all J ⊆ {1, . . . , n} with |J| ≥ αn.
i∈J

i∈J

Then, for arbitrary l1 , . . . , ln , m ≥ 0 with
and li ≥ 12 m
, it holds that
n
n
X

min(qi , li )

≥ γ

i=1

n
X

Pn

i=1 li

= m

min(qi , li ), f or γ

i=1

1
= min(1 − ε, (1 − α)).
2
Proof. Note that it suﬃces to prove the result for the
case that qi ≤ qi for all i. In this case, the precondition
of the Lemma is equivalent to
X

qi ≥ (1−ε)

X

i∈J

qi f or all J ⊆ {1, . . . , n} with |J| ≥ αn.

i∈J

Now let A = {i, qi ≤ qi ≤ li }, U = {i, qi ≤ li < qi } ,and
B = {i, li < qi ≤ qi }.
If |B| ≥ (1 − α)n then
n
X

min(qi , li )

X

≥

i=1

min(qi , li ) =

i∈B

X

li ≥ |B|

i∈B

1m
2 n

n
X

1
(1 − α)
min(qi , li ).
2
i=1

≥

P rob(Xi = 1)

If |B| < (1 − α)n then |A ∪ U | ≥ αn. Therefore,
n
X

X

min(qi , li ) =

i=1

qi +

i∈A∪U

≥ (1−ε)

X

qi +(1−ε)

i∈A

X
i∈U

X
i∈B

li +

X

li ≥ (1−ε)

X

qi +

i∈A∪U

li ≥ (1−ε)

n
X

X

li

Therefore,
min(qi , li ).

˜
Now consider an arbitrary interval I˜ of size S. Let I (I)

oﬀer qi (qi ) slots for uniform processes in Qi , i = 1, . . . , n.
, l˜i = min(qi , li ) . Then
Then li ≤ qi . Let li = li + m
n
Pn 

m
l
=
2m
and
each
l
≥
= 12 2m
. As S ≥ D, the
i
i=1 i
n
n
precondition of the above lemma holds and we get:
n
X
i=1

l˜i

=

n
X

min(qi , li ) ≥ γ

i=1
n
X

≥ γ

i=1

n
X

min(qi , li ) = γ

m 1 r
( ) .
r 8
We now aim at a tail estimate for X. For this we apply
an extension of the Chernoﬀ Bound from [20]. Consider a
family {X1 , . . . , Xq } of 0-1 random variables. This family
is called self-weakening, if for each J ⊆ {1, ..., q}, it holds
that
Y
P rob(Xi = 1).
P rob(Xi = 1 f or all i ∈ J) ≤
E(X) ≤

i∈J

Theorem 3. [20] Consider a self-weakening
Pnfamily
{X1 , . . . , Xq } of 0-1 random variables, X :=
i=1 Xi ,
E(X) ≤ µ. Then,

min(qi , li )

i=1
n
X

2(c − 2)m 2(c − 2)m − 1
·
2cm
2cm − 1
2(c − 2)m − 2cr + 1
≤ γr,
...
2cm − 2cr + 1

for γ = ( c−2
)2c ≤ 18 .
c

i∈B

i=1

i∈B

=

P rob(X ≥ (1 + ) · µ) ≤ (

li = γ · m.

i=1
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e
)µ .
(1 + )(1+)

o
n
is self
In order to see that our family X1 , . . . , X m
r
˘
¯
m
weakening, consider some J ⊆ 1, . . . , r . Then,
P rob(Xi = 1 f or all i ∈ J)
2(c − 2)m 2(c − 2)m − 1
2(c − 2)m − 2cr|I| + 1
≤
·
...
2cm
2cm − 1
2cm − 2cr|I| + 1
2(c − 2)m 2(c − 2)m − 1
2(c − 2)m − 2cr + 1 |I|
≤ [
·
...
]
2cm
2cm − 1
2cm − 2cr + 1
Y
=
P rob(Xi = 1).
i∈I

Therefore, the Theorem yields for the initial phase with
r = 1 that
1
e 1
1
P rob(X ≥ m) = P rob(X ≥ 2 · m) ≤ ( ) 8 m .
4
8
4
For r ≥ 4 the Theorem yields that
m 1
1 m 1 r
1
P rob(X ≥ m( )r ) = P rob(X ≥ r · ( )r )) ≤ ( ) r ( 8 )
8
r 8
2
.
This is a good bound for r = o(log m). For larger r, we
simply apply the Markov Inequality:
m 1
1
1
P rob(X ≥ m( )r ) = P rob(X ≥ r2r · ( )r ) ≤ r .
4
r 8
r2
As r = Ω(log m), the above probability is at most m1β ,
for suitable β > 0 . On average two further phases suﬃce
to ﬁnish all jobs. The Markov Inequality also yields a m1β
bound on these probabilities. Therefore we get:
1
1
P rob(X ≥ m( )r ) ≤ β f or arbitrary r.
4
m
Thus, we reduce the number of not yet processed jobs
from m
to 4mr with probability at least 1 − m1β , for arr
bitrary r. This results in a process that needs expected
O(log∗ (m)) intervals of lengths O(max{s, D}). As each
interval successfully decreases the number of left-over processes appropriately with probability at least 1 − m1β , we
achieve high probability, i.e. probability 1 − m1b , for arbitrary b > 0, if we allow by a suitable constant factor more
intervals.
This result implies the following theorem.

The procedure schedule presented in Section 3 returns
a schedule that spans over at most three time intervals
identical to It = [st , st + Tt ), denoted by It1 , It2 and It3 .
Over the three time intervals, the maximum number of
processes assigned to each machine is at most 2Ct + 1.
Assume the algorithm has completed the schedule of
superstep t−1 by time xt . The schedule of superstep t will
therefore be started at time xt by migrating at most 2Ct +
1 processes to each processor, with a cost bounded by 3Tt .
The computation is then performed in a time interval of
length at most 3cTt , followed by a synchronization phase
of cost L. Altogether, we have a cost 3(c + 1)Tt + L for
each superstep.
This compares with a lower bound of Tt /2 + L on the
optimum for which we obtain a constant competitive ratio.
We are still left to describe how processes are assigned
to intervals in an on-line fashion, since the length of an
interval is not known till the interval is actually ended.
Once Qi is available for processing our application, we
must decide which of the processes to move to execution. This choice must be taken without knowledge of
the actual duration of the interval. We propose a simple
strategy that requires a limited amount of resource augmentation to be implemented. In particular, we assume
that the processors of the on-line have double speed with
respect to the oﬀ-line.
Let k1 , . . . , kl be the set of diﬀerent process lengths,
ordered by increasing length, of processes still to be assigned to Qi . The on-line schedule starts assigning a job
of minimum length 2k1 when some idle time is available.
If the interval ends before the processing is completed,
i.e. 2k1 time units, the job will just be re-started at some
later occasion. If a process of length 2kj is successfully
completed, a job of length 2k(j+1) mod l is moved to execution.
Lemma 5. The on-line scheduling strategy completes
all processes assigned to Qi in interval I  .
Proof. We give a brief sketch of the proof. The schedule is feasible for an oﬀ-line adversary that knows in advance the duration of the intervals. Assume the oﬀ-line
schedule assigns a process of size 2ki to a speciﬁc interval.
The on-line algorithm will assign at most one process for
every size 2kj , j ≤ i. Since the on-line algorithm has machines of double speed, their total size sum up to at most
2ki .

Theorem 4. Consider a program consisting of t∗ supersteps with mt processes in the t’th superstep, 1 ≤
t ≤ t∗ , so that the oﬀ-line algorithm needs at least D
steps for each of at least a constant fraction of these
supersteps. Then, in the case of the weak restriction
and uniform processes, the on-line scheduling strategy is
O(log∗ (maxt {mt })) competitive, with high probability.

This implies the following theorem:
Theorem 6. Consider a program so that the oﬀ-line
algorithm needs at least D steps for each of at least a constant fraction of its supersteps. Then the on-line scheduling strategy is O(1) competitive in the case of strong restriction and non-uniform processes if it is equipped with
machines of double speed.

2.2 Non-uniform processes, strong restriction
Now let us concentrate on the case of non-uniform processes and strong restriction. Consider a superstep t in
which mk processes of length 2k are processed by the oﬀ∗
line algorithm inP
interval I = [T, T + s), by assigning li,k
∗
processes to Qi ,
li,k
= mk . Now consider a time interval I  of length c · S, S ≥ D. Part a) of Lemma 1 ensures
∗
that, in each I  , li,k
processes can be assigned to Qi .

It is rather simple to observe that the assumption of
processes and intervals of length equal to a power of 2 can
be removed by equipping the algorithm with processors
that are 4 times faster than the oﬀ-line adversary.
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that receives the assignment of a process is still left with
a number of time units that is a multiple integer of 2j
(including 0.)

3. THE OFF-LINE SCHEDULING
PROBLEM
The procedure outlined in this section is used as a basic
subroutine to decide whether it is possible to schedule in
a fractional way the processes of superstep t in a time
interval It = [st , st + Tt ) of length Tt with maximum load
Ct = Tt /g. In case of positive answer, the procedure
returns an integral solution that uses at most three time
intervals identical to It , with maximum load bounded by
2Ct + 1.
We recall that we restrict the length of the processes
and the length of the intervals to be a power of 2. Moreover, variables li,k denote the number of processes of
length 2k assigned to processor Qi . Let bi,k be the total
size of intervals of length at least 2k available on machine
Qi . Let mk be the total number of processes of length 2k .
We formulate the problem of scheduling a superstep into
interval It as the following integer linear program:
X

2j li,j

In the following we give a NP-completeness result even
in the case in which the lengths of the processes and the
size of the intervals are powers of 2. The proof of the
following theorem is given in Appendix.
Theorem 8. It is NP-complete to decide whether the
linear program has a feasible integral solution.
It is also rather easy to see that a simple greedy heuristic solves the problem in polynomial time if the constraint
on congestion is relaxed.
We then relax the integrality constraints on variables
li,k and check for feasibility of the resulting fractional linear program. If a feasible solution exists, this is transformed into a schedule that uses at most three time intervals identical to It , denoted by It1 , It2 and It3 , with load at
∗
most 2Ct + 1. We also denote by li,k
a fractional feasible

optimal solution for the linear program, and by li,k
the
integral solution we construct.
∗

The ﬁrst step of the schedule consists in assigning li,k
∗
k
∗
processes of size 2 to processor Qi . Denote li,k = li,k −
P ∗
∗
. We are still left to assign i li,k processes of size
li,k
2k .
In the following we illustrate an algorithm that turns
∗
the fractional assignment li,k into a new fractional assignment li,k holding a set of properties that allow to produce
a feasible integral schedule with low congestion.
The assignment li,k holds for every machine Qi the following 3 properties:
P
P ∗
1.
k li,k ≤
k li,k + 1/2;

≤ bi,k , ∀i, k

j≥k

X

li,k

≥ mk , ∀k

li,k

≤ Ct , ∀i

li,k

∈

i

X
k

N0 , ∀i, k

There exists a simple algorithm that transforms an integral solution to the linear program into a feasible schedule. The algorithm simply assigns processes to intervals
in decreasing order of length.
Lemma 7. A feasible integral solution to the linear program can be converted into a feasible schedule.

∗

2. li,k ∈ [0, 1]; moreover li,k > 0 only if li,k > 0;
3. li,k ∈ (0, 1/2) implies for all processors i = i, either
li ,k ≥ 1/2 or li ,k = 0,

Proof. We prove that at any stage of the algorithm
that assigns processes to intervals, the following two properties hold:
1.

X

2j li,j

and for every job size k the following fourth property:
P
P ∗
4.
i li,k =
i li,k .

≤ bi,k , ∀i, k,

Deﬁne function round(x), x ∈ [0, 1] as follows:
round(x) = 0 if x ∈ [0, 1/2), round(x) = 1 if x ∈ [1/2, 1].
The ﬁnal integral solution will be:

j≥k

where li,j denotes the number of jobs of size 2j still
left to be assigned to Qi , bi,k is the total size of
intervals of length at least 2k still available on Qi .


∗
= li,k
 + round(li,k ), ∀i, ∀k
li,k

j

2. If li,j > 0, then 2 time units are still available into
an interval on Qi .

(1)

The integral solution transforms into a scheduling spanning over the three time intervals It1 , It2 and It3 . For every
machine Qi :

The proof is by induction. The two conditions clearly
hold for the feasible integral solution. At the generic stage
of the algorithm, the process of largest length, say 2j , is
assigned to an interval of size at least 2j , say on machine
Qi .
After the assignment, both sides of the equations indexed by i and k ≤ j, are decreased by 2j . The equations
will then hold after the assignment. Moreover, given the
fact that jobs are assigned by decreasing size, and all processes and interval lengths are powers of 2, the interval

∗
• Assign li,k
 processes of size k in interval It1 .

• Assign the process with largest k, such that li,k ≥
1/2, in interval It2 .
• Assign all other processes with li,k ≥ 1/2 in interval
It3 .
Lemma 9. The schedule obtained for superstep t is feasible.
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Proof. Proof by induction. Properties 2 and 4 and
∗
Property 1 with equality clearly hold for li,k . Assume
they hold before a cycle local improvement. We show
they also hold after the improvement.
P
P ∗
For every machine Qi , it holds k li,k = k li,k after
the improvement, since either Qi is not involved in the
∗
∗
improvement, or the values of two variables li,k
and li,k

are increased and decreased by the same amount. Property 2 also holds since a cycle improvement involves only
variables li,k ∈ (0, 1/2). Therefore, no variable of initial
value 0 will be made positive. Moreover, the ﬁnal value of
a variable li,k will be at most equal to 1. Finally, property
4 is also
P satisﬁed since cycle local improvements do not
alter i li,k .

Proof. We ﬁrst prove that all processes are assigned
to suitable intervals. For every size k, we have:
X


li,k

=

i

X

∗
li,k
+

i

≥

X

X

round(li,k )

i

∗
li,k
+

X

i

∗

li,k

i

≥ mk
the ﬁrst inequality follows from the integrality of
Pwhere
∗
i li,k and from property 3 that states the existence of
at most one machine Qi with li,k ∈ (0, 1/2).
The schedule of interval It1 is clearly feasible since it
∗
is obtained by rounding down every li,k
to the nearest
integral value. From li,k ≤ 1, we obtain that at most
one process of each size k is to be assigned in It2 and It3 .
Consider the largest k, say k, with li,k ≥ 1/2. Property 2
∗
ensures li,k > 0 and therefore the existence of at least one
interval of size at least 2k on machine Qi . The schedule
of It2 is then feasible.
The same interval of size at least k can also host all
other processes with li,k ≥ 1/2 in time interval It3 , since
their sizes sum up to at most 2k .

When cycle local improvements are no more possible, (this will eventually happen since every cycle local improvement reduces the number of variables li,k ∈
(0, 1/2)), we move to a second type of local improvements,
path local improvements. A path local improvement is deﬁned as:
• A sequence of machines Qi1 , ...., Qiq ;
• A sequence of job sizes j1 , ..., jq , j1 = ... = jq with
lis ,js ∈ (0, 1/2) and lis+1 ,js ∈ (0, 1/2), ∀s = 1, ..., q−
1.

Lemma 10. The congestion is bounded by 2Ct + 1.

In particular we look for maximal path local improvements, i.e. path local improvements whose length q cannot be extended further. We refer to Qsq as the last machine of the path local improvement.
We perturb the fractional solution by uniformly decreasing all lis ,js and increasing all lis+1 ,js till a variable
becomes equal to 0 or to 1/2. Observe that if no cycle
local improvement is possible at some stage of the algorithm, this will also be true after any sequence of path
local improvements is performed.

Proof. It follows from property 1, for every machine
Qi ,
X ∗
X
X 
li,k =
li,k  +
round(li,k )
k

k

≤

X

k
∗
li,k
+2

k

≤ 2

X

X

∗

li,k + 1

k
∗
li,k

+1

k

Claim 12. If machine Qsq is the last machine of a path
local improvement, and liq ,jq = 1/2 after the path local
improvement, then machine Qsq won’t be part of any later
path local improvement

≤ 2Ct + 1

We will now present the algorithm that transforms with
∗
a sequence of greedy moves the assignment li,k into an
assignment li,k that holds properties 1-4. We initially set
∗
li,k = li,k .
The ﬁrst set of greedy moves are Cycle local improvements, deﬁned by:

Proof. By the maximality of the path local improvement, there is no size index j = jq and machine Qi , i = iq ,
such that liq ,j ∈ (0, 1/2) and li,j ∈ (0, 1/2). It therefore
follows that Qsq won’t be part of any later path local
improvement.

• A set of q machines Qi1 , ...., Qiq .

Lemma 13. After every path local improvement: i)
Properties 2 and 4 hold; ii) Property 1 holds with
P
P ∗
k lis ,k ≤
k li,k for s = 1, ..., q − 1. For machine Qiq :
P ∗
P
iii) k liq ,k ≤ k liq ,k +1/2; iv) If liq ,j = 1/2 then Property 3 holds.

• A set of q process sizes j1 , ..., jq , j1 = jq , j1 =
j2 , ..., = jq−1 , such that lis ,js ∈ (0, 1/2) and
li(s+1)modq ,js ∈ (0, 1/2), ∀s = 1, ..., q.
Cycle local improvements uniformly increase all lis ,js
and decrease all li(s+1)modq ,js until a value becomes 0 or
1/2. This is a clear progress in the direction of properties
1-4 since we have one less variable li,j ∈ (0, 1/2). We
proceed till no cycle local improvements is possible.

Proof. Proof is by induction. For the basis of the induction, Property 1 with equality, and properties 2 and 4,
hold after the last cycle improvement and for the initial
∗
assignment li,k . Properties 2 and 4 still hold after every
path local improvement, since no li,k is assigned to a pos∗
itive value if li,k = 0, and the improvement does not alter
P
i li,k .

Lemma 11. Properties 2 and 4 hold after a cycle
P local
improvement. Moreover, Property 1 holds with k li,k =
P ∗
k li,k .
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For property 1, we observe
P ∗machine Qis ,
P that for every
s = 1, ..., q − 1, it holds
k lis ,k ≤
k lis ,k after the
∗
improvement, since the values of two variables lis ,k and
∗
lis ,k are increased and decreased by the same amount, or,
for machine Qi1 , the value of a variable li1 ,k is decreased.
Let us prove the claim for machine Qiq . The value of
a variable liq ,k is increased by at most 1/2. Moreover,
P ∗
P
k liq ,k =
k li,k + 1/2 only if liq ,jq = 1/2. In this
case, by Claim 12, machine Qiq won’t be the extreme
variable
of P
a later path local improvement. Therefore,
P
∗
l
≤
i
,k
k q
k li,k + 1/2 at the end of the algorithm.
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It is therefore clear then when no path local improvement is possible, we have converged to a solution holding
properties 1-4.
The procedure above greatly simpliﬁes if processes have
uniform length. In this case it is suﬃcient to assign processes to processors while not exceeding the maximum
load Ct = Tt /g on every machine.
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Proof. By contradiction. Let ĵ be the highest j such
that there exists a processor Qi that does not verify the
lemma. Let zi,j be the total processing of class j processes
in the j-th interval of Qi .
Since S  is feasible then zi,ĵ << 2mĵ ; it follows that the
ĵ-th interval of Qi schedules neither a Bĵ process nor a
class j process, j > ĵ.
zi,ĵ << 2mĵ also implies that there exists a class ĵ
process, say Aĵ,k̂ , that is not scheduled by Qi ; it follows

APPENDIX
Proof of Theorem 8: We reduce from 3-Partition [11]
deﬁned as follows:
Input: a set S = {s1 , s2 , . . . , s3n } items, an integral
bound T and an integral size for each item; item sj has
size
P aj such that T /4 << aj << T /2 and such that
j aj = nT .
Question: there exists a partition of S into n subsets
P S1 , S2 , . . . , Sn such that for all i, i = 1, 2, . . . , n,
sj ∈Si aj = T ?

2mĵ − zi,ĵ ≥ 2mĵ−aj +1 > 2mĵ−m+α+1
In order to completely cover the ĵ-th interval of Qi we
might use class j processes, j << ĵ. Now observe that
the total length of class j processes, j << ĵ, is at most

Note that each Si must contain exactly three items of
S and that, without loss of generality, we may assume
that T /4 + 1 ≤ aj ≤ T /2 − 1. Let m = maxj (aj ) + α,
α = log n + 1. Since 3-Partition is strong NP-complete
[11], we can assume, without loss of generality that m is
polynomial in n.
Given an instance S of 3-Partition we deﬁne an instance
S  of the scheduling problem with n processors and 3n(n−
1) + nT processes. Each processor has 3n intervals and,
for all processors, the length of the j-th interval is 2mj .
For each item sj , sj ∈ S, there exist (aj + n − 1) processes (that we call class j processes) whose lengths are
deﬁned as follows:

n

X

2mj << 2n2m(ĵ−1) ≤ 2m(ĵ−1)+α << 2mĵ−m+α+1

j<<ĵ

This implies that the j-th interval is not completely
covered; this contradicts the assumption that S  is feasible.
The lemma implies that in a feasible schedule, for each
j and i, either Qi schedules one process Bj or it schedules
all Aj,k processes, k = 1, 2, . . . , aj .
We now show that, for each processor Qi , Qi schedules
processes Aj,k with exactly three diﬀerent values of j. We
preliminary observe that, since there are a total of nC
processes, in a feasible schedule the congestion of each
processor is exactly C.
We distinguish two cases. If Qi schedules Aj,k processes
with two diﬀerent values of j, say j1 and j2, then, by
Lemma 14, the total congestion of Qi is 3n − 2 + aj1 + aj2 ;
since aj1 + aj2 ≤ T − 2 it follows that the congestion of
Qi is at most C − 1 obtaining a contradiction. The same
holds if Qi schedules processes with less than two diﬀerent
j values.
If Qi schedules Aj,k processes with four diﬀerent values
of j, say j1 j2, j3, j4 then, by Lemma 14, the total congestion of Qi is aj1 + aj2 + aj3 + aj4 + 3n − 4 ≥ C + 1
obtaining a contradiction. The same holds if Qi schedules
processes with more than four diﬀerent j values.
We have shown that, in a feasible schedule, processor
Qi , i = 1, 2, . . . , n, schedules all Aj,k processes with exactly three diﬀerent values of j, say j1, j2, j3; it follows
that the congestion of Qi is 3(n − 1) + aj1 + aj2 + aj3 .
Since C = 3(n − 1) + T it follows that aj1 + aj2 + aj3 = T ;
this allows to obtain a feasible solution to S completing
the proof of the theorem.

• n − 1 identical processes Bj each with length 2mj
• aj processes Aj,k , k = 1, 2, . . . , aj ; Aj,k , k =
1, 2, . . . , aj − 1, has length w(Aj,k ) = 2mj−k ; Aj,aj
has length w(Aj,aj ) = 2mj−aj +1 .
P
It is easy to check that, for each item sj , k w(Aj,k ) =
2mj ; hence the total length of all class j jobs, j =
1, 2, . . . , 3n is n2mj . Furthermore, since the total length
of all intervals is equal to the total length of all processes,
there is no idle time in a feasible schedule.
Since m is polynomial in n, then the reduction is polynomial in the length of a binary encoding of S. We will
now show that there exists a schedule with congestion
C = 3(n − 1) + T if and only if instance S of 3-Partition
has solution.
Given a solution S1 , S2 , . . . , Sn of instance S of 3Partition we obtain a solution of S  as follows. The j-th
interval of processor Qi contains all Aj,k , k = 1, 2, . . . , aj ,
processes if sj ∈ Si ; otherwise it contains one of the n − 1
Bj processes.
1, 2, . . . , n, is a partition of S then
PSince Si , i =
mj
implies that the obtained schedule is
k w(Aj,k ) = 2
feasible.
Since Si , i = 1, 2, . . . , n, contains 3 items with total
size equal to T it follows that the number of processes
assigned to each processor is 3n − 3 + T . It follows that
if S has solution also S  has solution.
Now assume that S  has a feasible solution with congestion 3(n − 1) + T .
Denote by Ii,j the j-th interval of processor i.
Lemma 14. Given a feasible solution S  , for each i and
j, the total length of class j processes assigned to the j-th
interval of processor Qi is 2mj .
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